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Abstract

Cancer is one of the most serious health problems worldwide, responsible for millions of

deaths each year. It develops when cells grow in an uncontrolled way and avoid detec-

tion by the immune system. Key immune players such as CD4+ T cells and cytokines are

essential for recognizing and controlling tumors, and many modern therapies aim to en-

hance or restore their function. Immunotherapy, in particular, has become one of the most

promising approaches for reducing tumor growth and improving survival. In this thesis,

mathematical models are used to study how tumors interact with immune cells and how

treatments influence these interactions. We begin with a model that describes tumor, CD4+

T cell, and cytokine dynamics in the absence of treatment. This helps identify the lim-

its of natural immune control and shows how stability and oscillations in tumor size can

occur, especially through Hopf bifurcations. The results suggest that when tumors have

very low antigenicity, they can continue to grow unchecked, even if immune responses are

strong. The analysis is then extended to include immunotherapy and combined treatments

(polytherapy), where stability, equilibrium points, and bifurcation patterns are examined.

Using normal form theory, we study the amplitude and stability of limit cycles, revealing

how therapy can shift the system toward long-term tumor control or oscillatory behavior.

We also explore virotherapy, a newer treatment that uses engineered viruses to infect and

destroy cancer cells. A nonlinear model is developed for tumor–virus interactions, and bi-

furcation analysis shows how viral therapy can produce stable oscillations that represent

ongoing cycles of tumor reduction. Numerical simulations are provided throughout to il-

lustrate theoretical results. Overall, this work demonstrates how mathematical oncology

can be used to understand tumor–immune–therapy interactions and to provide insights for

improving cancer treatment strategies.

Keywords: Tumor model, Immunotherapy, Stability, Center manifold, Hopf

bifurcation, Limit cycle, Normal Form, Virus-tumor interaction model, Virotherapy.
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Summary for Lay Audience

These studies use mathematical models to analyze immune system and cancer tumor inter-

actions. We considered three models to study tumor growth or shrinkage under different

conditions: without treatment, immune therapy, and virus therapy. Using advanced math-

ematical tools, we explored when the system show steady tumor control, oscillations, or

multiple possible states, and found important phenomena called bifurcations where small

parameter changes cause sudden shifts towards the outcomes.

In the model without treatment, we found that very low tumor antigenicity leads to

cancer progression no matter how strong the killing ability or cytokine levels are, showing

that proper tumor recognizing is essential. Small parameter changes can push the system

from control to escape, showing the limits of natural immunity.

Introducing immunotherapy, it changes the boundaries, sometimes stabilize or destabi-

lize tumor control, depending on dose and timing. Near bifurcation points, small treatment

changes can change tumor–immune cycles or create situations where both stable control

and stable tumor growth coexist, making the outcome highly sensitive to initial conditions.

Oncolytic virotherapy adds viruses that infect and destroy tumor cells. The findings

show that viral replication can either help long-term tumor control or allow cancer regrowth

depending on infection rate, burst size, and clearance rate. Overall, the results highlight key

factors that decide whether tumors are controlled or escaped, guiding for designing safer

and more effective cancer therapies.
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1

Chapter 1

1 Introduction

Cancer, which arises from pathological disruptions in the normal process of cell division

[1], has become a major global health concern and remains one of the leading causes of

death worldwide [2]. In 2020 alone, more than 19.3 million new cases were diagnosed,

resulting in nearly 10 million deaths [3, 4]. This alarming global burden underscores the

urgent need for effective treatments that can target diverse cancer types [5–8].

The causes of cancer are multifaceted, ranging from genetic predispositions and lifestyle

factors to stress and environmental influences. The dominant cause varies depending on

cancer type and geographical location, making individualized treatment essential. While

shifts in climate, industrialization, and modern dietary habits are suspected contributors to

the rising incidence of cancer, further research is needed to establish definitive causal links

[9–13].

Figure 1.1: Percentage distribution of global cancer incidences and deaths.[16, 17]
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Cancer affects every country. To monitor its global impact, the International Agency for

Research on Cancer maintains the Global Cancer Observatory (GCO), which compiles and

visualizes estimates of cancer incidence and mortality worldwide, providing us valuable

data for cancer control strategies [14]. Its GLOBOCAN 2020 release covers 185 countries

and offers interactive charts and tables you can explore by region and by sex [15]. As shown

in Figure 1.1, the most common cancer types were female breast cancer (2.26 million;

11.7%), lung (2.21 million; 11.4%), skin (1.53 million; 7.9%), and prostate (1.41 million;

7.3%) and the leading causes of death due to cancer were lung (1.79 million; 18%), liver

(0.83 million; 8.3%), stomach (0.77 million; 7.7%), and breast (0.68 million; 6.9%) [16,

17]. As shown in the bar graph in Figure 1.2, most cancer deaths in men were from lung

(22%), prostate (10.5%), and liver (9%) cancers where as in women, mainly from breast

(15.2%), lung (13.8%), and stomach (6.1%) cancers [18].

Figure 1.2: Percentage distribution of major cancer types by incidence and deaths in males
and females.[18]

Fundamentally, cancer is characterized by uncontrolled cellular growth and the ability

of malignant cells to escape immune surveillance. The human immune system, however,

is equipped with powerful defenses; capable of recognizing and eliminating abnormal cells

before they develop into full tumours. Key immune components—including CD4+ T cells,
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cytokines, and cytotoxic lymphocytes—play crucial roles in tumour recognition and eradi-

cation [19, 20]. The emergence of immunotherapies, such as immune checkpoint inhibitors,

adoptive T-cell transfer, and oncolytic virotherapy, has revolutionized modern oncology by

harnessing and enhancing the body’s natural defenses [21–23].

Understanding these intricate interactions between tumours, immune responses, and

therapeutic interventions has motivated the use of mathematical modeling. By formulating

nonlinear differential equation systems, researchers can simulate tumour growth, immune

activation, and treatment responses under diverse biological and therapeutic conditions.

This interdisciplinary field, known as mathematical oncology, integrates biology, math-

ematics, and clinical data to investigate tumour–immune dynamics, predict patient out-

comes, and optimize treatment strategies [24–26].

This thesis is devoted to exploring mathematical models that describe the interactions

between tumours, CD4+ T cells, and cytokines under varying therapeutic conditions. Specif-

ically, it examines three interconnected models. The first analyzes the qualitative dynamics

of tumour, CD4+ T cell, and cytokine interactions in the absence of treatment. The sec-

ond extends this framework to include immunotherapy and cytokine-based interventions.

The third investigates bifurcation phenomena in tumour–immune systems, with a particular

focus on the onset of oscillatory dynamics and multistability through Hopf bifurcation.

1.1 Overview of Immune Response

The immune system is broadly divided into two: natural and adaptive immunity [27]. While

natural immunity provides the first line of defense through macrophages, dendritic cells,

and natural killer (NK) cells, the adaptive immune response is slower but more specific and

robust. T cells, including CD4+ helper T cells and CD8+ cytotoxic T lymphocytes (CTLs)

play a key role in the body’s immune response [28, 29].
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1.1.1 CD4+T cells and Cytokines

CD4+ T cells play a regulatory role in adapting immune responses by releasing cytokines

such as interleukins (e.g., IL-2, IL-12) and interferon-gamma (IFN-γ) [30]. These cy-

tokines enhance the cytotoxic activity of CD8+ T cells and NK cells help antigen to recog-

nize infections. Depending on the microenvironmental cues, CD4+ T cells can differentiate

into various subtypes (Th1, Th2, Th17, Treg), each with distinct functions [31].

1.1.2 Immune surveillance and tumour evasion

In normal conditions, immune cells can detect and eliminate transformed cells, a process

termed ”cancer immunosurveillance” [32]. However, tumours can evolve mechanisms to

suppress immune responses, such as secreting immunosuppressive cytokines (e.g., TGF-β),

downregulating antigen presentation, or inducing T cell exhaustion [33, 34].

1.1.3 Immuno-oncology and Virotherapy

Recent therapeutic advances have leveraged the immune system to fight cancer more effec-

tively. Immune checkpoint inhibitors block inhibitory signals (e.g., PD-1/PD-L1, CTLA-

4) which tumours use to suppress T cells, thereby restoring their effector function [35].

In parallel, oncolytic viruses—engineered to selectively infect and lyse tumour cells have

emerged as promising tools in virotherapy. They not only cause direct tumour cell death

but also stimulate systemic antitumour immunity by releasing tumour associated antigens

[36, 37].

1.2 Mathematical Models in Immuno-Oncology

The classical logistic growth model has served as a starting point for modeling tumour pro-

gression, where tumour cells grow with natural rate and saturate due to limited resources
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[38]. However, incorporating immune responses transform the system into a more biolog-

ically realistic, nonlinear model often analyzed using predator-prey or competition frame-

works [39–41].

Recent models have considered interactions between tumours and multiple immune

effectors, including CD4+ T cells and cytokines. These models have been formulated as

systems of ordinary differential equations (ODEs), and their qualitative behavior has been

studied through equilibrium analysis, stability criteria, and bifurcation theory [42–45]. The

inclusion of therapy such as cytokine infusion or virotherapy introduces new parameters

that can significantly alter system dynamics and lead to multistability, periodic oscillations,

or chaotic behavior [46, 47].

1.3 Dynamical Systems Approach

In this research, we employ advanced dynamical systems tools including center manifold

theory, Lyapunov stability, Hopf bifurcation theory, and normal form analysis to study tu-

mour–immune interaction models. We are particularly interested in identifying parameter

regimes that lead to limit cycles, which correspond to periodic fluctuations in tumour size

and immune activity. These oscillations can represent either successful immune surveil-

lance or immune escape, depending on their stability and amplitude [48–50].

In later chapters, we investigate how therapeutic interventions shift these bifurcation thresh-

olds and influence clinical outcomes. Our results contribute to a deeper understanding of

the nonlinear dynamics underlying cancer progression and treatment response providing

insight into the design of optimal therapeutic protocols.
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1.4 Mathematical Theories and Methodologies for Model

Analysis

Mathematical theories and methodologies provide a rigorous framework for understanding

the complex, nonlinear dynamics observed in tumour-immune system interactions. These

models often begin by formulating biologically meaningful assumptions grounded in im-

munology and oncology, then translating these into systems of ordinary differential equa-

tions (ODEs). These ODEs describe the rates of change of key populations, such as tumour

cells, immune cells particularly CD4+ T cells and cytokine concentrations over time.

A foundational step in analyzing such models is ensuring their biological consistency

and mathematical well-posedness. This involves confirming that solutions remain posi-

tive and bounded, reflecting biologically realistic behavior such as non-negative population

sizes and finite cytokine levels. After establishing this, researchers often proceed with

identifying and classifying equilibrium points, which correspond to steady states in tumour

progression or immune response.

The next step is to perform stability analysis of these equilibria using techniques such

as linearization and the Routh–Hurwitz criteria. These tools help determine whether small

perturbations will cause the system to return to equilibrium or diverge, indicating sensitivity

of the immune response. However, due to the nonlinear nature of tumour – immune dy-

namics, equilibrium points may not always be accessible in closed form, requiring implicit

or numerical techniques for stability assessment. Special attention is paid to coexistence

states where tumour and immune populations persist together, as these often reveal rich

dynamical behaviors including multi-stability and oscillations.

In certain parameter regimes, the system may undergo qualitative changes in its be-

havior such as transitioning from tumour suppression to escape through bifurcations. Hopf

bifurcation, in particular, is of major interest in immuno-oncology, as it can lead to periodic

solutions that reflect cyclical tumour growth and immune response. Identifying such bifur-
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cations requires advanced tools such as center manifold theory and normal form analysis.

Beyond local analysis, global dynamics and the emergence of multiple stable attrac-

tors or limit cycles are investigated using numerical continuation and bifurcation software.

These phenomena may correspond to alternative disease outcomes based on initial immune

conditions or therapeutic timing. Hence, understanding the mathematical structure of the

system has both theoretical and clinical significance, aiding in the design of optimized

treatment strategies that exploit the immune system’s nonlinear response to cancer.

1.4.1 Analysis of equilibrium states and their stability

A fundamental aspect of studying nonlinear dynamical systems involves analyzing their

equilibrium states and determining the local behavior near these points. Equilibria corre-

spond to steady states of the system where all time derivatives vanish, meaning that the

system remains constant if initialized exactly at that point.

Consider a general autonomous system of ordinary differential equations in Rn

dx
dt
= F(x), x ∈ Rn, (1.1)

where F : Rn → Rn is a smooth vector field. An equilibrium point x∗ satisfies F(x∗) = 0.

To analyze the local dynamics near x∗, we linearize the system by computing the Jaco-

bian matrix A = DF(x∗). The behavior of the nonlinear system near x∗ is governed by the

properties of the linearized system:
dy
dt
= Ay, (1.2)

where y = x − x∗ is the perturbation from equilibrium.

The key to understanding the stability of x∗ lies in the eigenvalues of the Jacobian matrix

A. These eigenvalues are the roots of the characteristic polynomial:

f (λ) = det(A − λI) = λn + a1λ
n−1 + · · · + an−1λ + an, (1.3)
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where n = 3 in our case. The nature of the eigenvalues are real or complex, positive or

negative determines the type and stability of the equilibrium.

If all eigenvalues have negative real parts, the equilibrium is locally asymptotically sta-

ble (a sink). If any eigenvalue has a positive real part, the equilibrium is unstable (a source

or saddle). If all eigenvalues are purely imaginary, the equilibrium is non-hyperbolic, and

further analysis (e.g., center manifold theory) is needed to determine local dynamics.

In 3D systems, the characteristic polynomial takes the form:

λ3 + a1λ
2 + a2λ + a3 = 0. (1.4)

One standard method to assess stability without computing roots explicitly is the Routh–Hurwitz

criterion, which provides necessary and sufficient conditions for all roots of the polynomial

to have negative real parts. For a third-degree polynomial, the equilibrium is stable if:

a1 > 0, a3 > 0, a1a2 > a3.

These inequalities place constraints on the entries of the Jacobian matrix and, indirectly,

on the system parameters. By analyzing how these coefficients change with parameters, one

can identify bifurcation points where stability is lost or gained.

1.4.2 Bifurcation dynamics study

Bifurcation theory plays a central role in the qualitative analysis of nonlinear dynamical

systems. It concerns itself with understanding how the structure of a system’s solutions

such as equilibrium points, periodic orbits, or more complex attractors—changes as sys-

tem parameters are varied. Bifurcations mark critical thresholds where the behavior of the

system can shift dramatically, making them essential tools in predicting transitions, insta-

bilities, and emergent phenomena in mathematical models.

Broadly, bifurcations can be categorized into local and global types, depending on the
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region of the phase space they affect. Local bifurcations are concerned with changes in

the dynamics near equilibrium points or periodic orbits. These bifurcations typically occur

when one or more eigenvalues of the Jacobian matrix cross critical values (such as zero or

the imaginary axis) as a parameter changes. Among the most studied local bifurcations are:

• Saddle-node bifurcation: Two equilibrium points (one stable, one unstable) collide

and annihilate.

• Transcritical bifurcation: Equilibria exchange stability as they intersect.

• Pitchfork bifurcation: Often observed in symmetric systems, where one equilib-

rium gives rise to two new branches.

• Hopf bifurcation: A pair of complex conjugate eigenvalues cross the imaginary

axis, leading to the birth or death of a limit cycle.

In our analysis, special attention is given to the Hopf bifurcation, as it provides insight

into the emergence of sustained oscillatory behavior. A supercritical Hopf bifurcation re-

sults in the formation of a stable limit cycle, while a subcritical Hopf can lead to the desta-

bilization of the equilibrium and the potential for sudden transitions to large-amplitude

oscillations.

These bifurcations, which depend on the variation of a single parameter, are classified

as codimension-1 bifurcations. However, more intricate behaviors emerge when multiple

parameters influence the system simultaneously. Codimension-2 bifurcations, such as the

Bogdanov–Takens bifurcation, occur at points where two local bifurcation conditions are

satisfied concurrently typically involving both a zero eigenvalue and a pair of purely imag-

inary eigenvalues. These bifurcation points act as organizing centers in parameter space

and often give rise to richer dynamics, including the coexistence of steady states, peri-

odic orbits, and homoclinic trajectories. Furthermore, higher-order generalizations of Hopf

or Bogdanov–Takens bifurcations, depending on the vanishing of successive derivatives



Chapter 1 – Introduction 10

or focus values, can lead to higher codimension scenarios that exhibit layered bifurcation

structures and complex unfolding patterns.

In this study, we apply bifurcation analysis as a primary method to uncover how qualita-

tive shifts in dynamical behavior emerge under parameter variation. Our focus lies particu-

larly on Hopf bifurcations and their interaction with other bifurcation structures, exploring

how oscillatory and multi-stable regimes arise and evolve-insights that are crucial for un-

derstanding both theoretical and applied nonlinear systems.

1.4.3 Hopf bifurcation

Hopf bifurcation is a fundamental phenomenon in nonlinear dynamical systems that de-

scribes the transition from a steady-state behavior to sustained oscillations as a parameter

crosses a critical threshold. This type of bifurcation occurs when a pair of complex con-

jugate eigenvalues of the Jacobian matrix associated with an equilibrium point crosses the

imaginary axis in the complex plane, leading to the loss (or gain) of stability of that equi-

librium and the emergence (or disappearance) of a periodic solution known as a limit cycle.

Equation (1.5) extends system (1.1) by introducing a bifurcation parameter µ and con-

sidering a smooth dynamical system in Rn

dx
dt
= F(x, µ), (1.5)

where x ∈ Rn, µ ∈ R is a bifurcation parameter, and F is continuously differentiable. When

µ is fixed, F(x, µ) reduces to F(x) in (1.1). Let x0 be an equilibrium point, i.e., F(x0, µ) = 0.

Linearizing the system around x0, we obtain the Jacobian matrix A(µ) = DxF(x0, µ). A

Hopf bifurcation occurs at µ = µc when:

• The Jacobian has a pair of purely imaginary eigenvalues λ1,2 = ±iω, ω > 0 at µ = µc.

• The real parts of the eigenvalues cross zero as µ varies through µc.
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Under certain non-degeneracy and transversality conditions (satisfied generically), the

Hopf bifurcation theorem guarantees the existence of a family of periodic solutions near

µ = µc. We can discuss about types of Hopf bifurcation:

• Supercritical Hopf bifurcation: A stable limit cycle emerges from a stable equi-

librium as it loses stability. The oscillations begin with small amplitude near the

bifurcation point and grow continuously as the bifurcation parameter changes.

• Subcritical Hopf bifurcation: An unstable limit cycle collides with a stable equilib-

rium, meaning the amplitude of the unstable limit cycle shrinks to zero as it merges

with the equilibrium, causing the equilibrium to become unstable. This causes the

equilibrium to lose stability, often producing abrupt, large oscillations or bistability.

• Lyapunov coefficient: The nature of the bifurcation—supercritical or subcritical—is

determined by computing the first Lyapunov coefficient, v1. This coefficient mea-

sures how nonlinear effects near the equilibrium influence the growth or decay of

small perturbations and determines whether the emerging periodic orbit (limit cycle)

is stable or unstable: if v1 < 0, the bifurcation is supercritical and the limit cycle is

stable; if v1 > 0, the bifurcation is subcritical and the limit cycle is unstable.

1.4.4 Methods for analyzing limit cycles and computing normal forms

Understanding the behavior of dynamical systems near bifurcation points requires precise

tools to capture the qualitative nature of the system’s solutions. One of the most powerful

approaches for analyzing oscillatory solutions particularly near a Hopf bifurcation is the

reduction of the system to its normal form. This procedure simplifies the system while

retaining the essential nonlinear features that govern the formation and stability of limit

cycles.
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Reduction and transformation to normal form

Near a Hopf bifurcation, the dynamics of a system can often be reduced to a two-dimensional

invariant manifold where the behavior is governed primarily by the amplitude and phase of

the oscillation. This is possible because, close to the bifurcation, the dynamics are domi-

nated by a pair of complex eigenvalues that cross the imaginary axis, while other directions

in the system decay or grow quickly. By focusing on this two-dimensional center manifold,

one can describe the essential behavior using polar coordinates (r, θ). In polar coordinates

(r, θ), the normal form for a classical (codimension-1) Hopf bifurcation can be expressed

as [51]:
dr
dt
= r(v0µ + v1r2 + · · · + vkr2k + · · · ),

dθ
dt
= ωc + τ0µ + τ1r2 + · · · + τkr2k + · · · ,

where r is the oscillation amplitude, θ is the angular phase, and µ is the bifurcation (per-

turbation or unfolding) parameter. The normal form equations describe how r and θ evolve

over time, with coefficients vk (focus values) encoding the effects of nonlinearities. The co-

efficient vk is the kth-order focus value, and its magnitude and sign determine the number

and stability of limit cycles that may emerge from the bifurcation point.

The sign and magnitude of the first non-zero coefficient, v1, determine whether the

limit cycle is stable (supercritical) or unstable (subcritical). If v1 , 0, the bifurcation is a

standard Hopf bifurcation (supercritical or subcritical). If v1 = 0 but v2 , 0, the system

undergoes a generalized Hopf bifurcation (also called Bautin bifurcation), which can lead

to multiple small-amplitude limit cycles. The order of the first non-zero vk determines the

codimension of the bifurcation and the maximum number of limit cycles that may arise

locally.
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Focus Values and Limit Cycle Multiplicity

The sign and order of the focus values vk are critical in determining the number, amplitude,

and stability of the bifurcating limit cycles. If the first k focus values vanish (v0 = v1 =

· · · = vk−1 = 0) but vk , 0, and if the Jacobian matrix formed by the partial derivatives of

these coefficients with respect to the bifurcation parameters has full rank, i.e.,

rank
(
∂(µ1, µ2, . . . , µk)
∂(ν0, ν1, . . . , νk−1)

∣∣∣∣∣
µ=µc

)
= k (1.6)

then the system admits exactly k small-amplitude limit cycles near the critical point. These

bifurcations are referred to as generalized Hopf (or Bautin) bifurcations when higher-order

focus values are involved. Such configurations are important because they represent codi-

mension - k bifurcations, requiring k parameters to unfold all possible dynamical scenarios

near the bifurcation point.

Perturbation Methods and Symbolic Computation

The computation of normal forms and focus values can be analytically intensive, particu-

larly for higher-dimensional or nonlinear systems. One practical approach to handle such

complexity is the method of multiple time scales, which systematically separates the fast

and slow dynamics in the system and leads to averaged equations describing the evolution

of the amplitude. Combined with small-parameter perturbation expansions, this technique

is particularly useful for tracking amplitude equations and identifying the conditions for

the appearance of limit cycles. Symbolic computational tools, such as Maple and Mathe-

matics, are commonly used to automate the derivation of normal forms and focus values.

These tools allow for the recursive calculation of transformation coefficients, normal form

terms, and Lyapunov coefficients to arbitrary order, making it feasible to analyze systems

where manual computation would be prohibitive.
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Geometric Interpretation and Dynamics

From a geometric viewpoint, the dynamics of the amplitude equation dr
dt determine whether

oscillations grow, decay, or stabilize. The sign of the leading nonzero focus value deter-

mines the direction of bifurcation:

• If v1 < 0, the bifurcation is supercritical, producing stable limit cycles.

• If v1 > 0, it is subcritical, and the resulting cycles are unstable.

Higher-order focus values provide richer bifurcation structures. For instance, if the first

focus value vanishes and the second is nonzero, multiple limit cycles may appear, and their

stability alternates with each crossing of a critical curve in parameter space.

1.5 Thesis Outline

In this thesis, our research study focuses on understanding tumour–immune interactions

and evaluating therapeutic strategies using mathematical modeling. It examines the dy-

namics of tumour cells, immune components like CD4+ T cells and cytokines, and thera-

peutic interventions, including immunotherapy and oncolytic virotherapy. Non-linear dif-

ferential equations and bifurcation analyses are employed to capture complex behaviors,

oscillations, and treatment effects. The overall goal is to provide theoretical insights that

can provide effective cancer therapy strategies. This foundational understanding naturally

leads to Chapter 2, where the untreated tumour–immune model is formulated and analyzed.

Chapter 2 presents a mathematical model of tumour cells, CD4+ T cells, and cytokines

using differential equations with logistic growth and Michaelis–Menten kinetics. Hopf bi-

furcation analysis captures oscillatory behaviors, complemented by numerical simulations

that illustrate system dynamics. The chapter discusses equilibrium solutions, stability, and

bifurcation phenomena. It establishes a baseline understanding of tumour–immune interac-

tions without treatment. Based on the untreated system, Chapter 3 extends this framework
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to include immunotherapy interventions, allowing an exploration of treatment effects on

tumour–immune dynamics.

Chapter 3 extends the previous model by incorporating immunotherapy, with a fo-

cus on cytokine-mediated tumour control and CD4+ T cells as key effectors. Helper T cells

play a pivotal role in initiating immune responses by producing cytokines that activate cyto-

toxic T cells and white blood cells. Mathematical models, including the Kirschner–Panetta

framework, provide insight into how tumour antigenicity and immuno-modulatory treat-

ments influence tumour–immune dynamics. The model presented in this chapter shows

that high-dose cytokine therapy can eliminate tumours, and that CD4+ T cells are more

effective than low-dose cytokine therapy alone. Bifurcation analysis is performed under

different therapeutic scenarios—including cytokine therapy, CD4+ T cell therapy, and com-

bination treatments—to explore system dynamics. Following the analysis of both untreated

and immunotherapy treated models, Chapter 4 investigates oncolytic virotherapy, which

introduces an additional and highly significant layer of complexity through virus–tumour

interactions.

Chapter 4 focuses on oncolytic virotherapy, a promising cancer treatment strategy that

employs genetically engineered viruses to selectively infect and destroy tumour cells. A

nonlinear dynamical model is developed to capture interactions among tumour cells, on-

colytic viruses, and the immune response. The analysis includes equilibrium classification,

stability evaluation, and bifurcation studies, revealing complex phenomena such as oscilla-

tory behavior and tumour–virus coexistence. Mathematical techniques, such as center man-

ifold theory, support the analysis, while simulations provide biological insight. Oncolytic

viruses act through both direct tumour lysis and immune activation and both incorporated

into the model to study tumour–virus–immune dynamics comprehensively.

Chapter 5 collectively represents our research studies which underscore the utility of

mathematical models to predict tumour behavior, evaluate therapeutic strategies, and pro-

vide theoretical insights into cancer treatment. The findings emphasize that targeted inter-
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ventions, whether through cytokines, immune cells, or oncolytic viruses, can significantly

alter tumour dynamics, providing guidance for optimizing treatment protocols. By inte-

grating fundamental biology with nonlinear dynamical modeling, this thesis contributes

to a unified perspective on tumour–immune interactions and supports the design of more

effective cancer therapies.

1.6 Contribution of the thesis

This thesis develops and analyzes mathematical models of tumour growth under various

treatment scenarios, including immunotherapy and oncolytic virotherapy. It identifies key

parameters and critical values at which the system’s behavior suddenly changes through bi-

furcation and stability analysis, revealing how small variations can drastically alter tumour

dynamics.

Chapters 2 and 3 consider the tumour–immune model presented by Anderson, Jang

& Yu [52] to analyze tumour dynamics without treatment and under immunotherapy, re-

vealing oscillatory behaviors and the impact of CD4+ T cell and cytokine interventions.

Chapter 4 incorporates a basic ordinary differential equation model expressed by Wodarz

[53] and analyzes a nonlinear tumour–virus–immune model to capture the complex dynam-

ics of oncolytic virotherapy, revealing critical insights into tumour control and oscillatory

behavior.

By evaluating different therapeutic strategies, it offers theoretical guidance for opti-

mizing cancer treatment timing and combination approaches. Methodologically, the thesis

applies advanced nonlinear dynamics tools, such as focus value and limit cycle analysis, to

biologically realistic tumour models. Overall, this research advances both the theoretical

understanding and practical implications of tumour control mechanisms.
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Znaor, A., Soerjomataram, I., Bray, F. Global Cancer Observatory: Cancer Today,

International Agency for Research on Cancer, Lyon, France (2024). Available at:

https://gco.iarc.who.int/today, accessed [DD Month YYYY].

[15] International Agency for Research on Cancer Global Cancer Observatory, GCO,

(2020). Available at: https://gco.iarc.fr

[16] Sung, H., Ferlay, J., Siegel, R.L., Laversanne, M., Soerjomataram, I., Jemal, A., Bray,

F. Global cancer statistics 2020: GLOBOCAN estimates of incidence and mortality

worldwide for 36 cancers in 185 countries, CA: A Cancer Journal for Clinicians,

71(3) (2021) 209–249. doi:10.3322/caac.21660

https://gco.iarc.who.int/today
https://gco.iarc.fr


Chapter 1 – Introduction 19

[17] Ferlay, J., Colombet, M., Soerjomataram, I., Parkin, D.M., Piñeros, M., Znaor, A.,
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Chapter 2

2 Bifurcation Analysis on Immunotherapy of a Tumor

Model Without Treatment

2.1 Introduction

According to the World Health Organization, cancer continues to be the second foremost

cause of death globally, but how it develops and spreads is still not well understood. The

most prevalent malignancies include prostate, breast, lung, colon, and rectum cancers. Ap-

proximately three percent of the deaths related to cancer are use of cigarettes, having a

high body mass index, limited amounts of vegetables and fruits, drinking alcohol, and not

physical activity. Numerous tumors can be treated if they are diagnosed early and treated

appropriately [1]. Even after successful cancer treatment, recurrence might still happen

later. We must focus on both more effective treatment options and prevention measures.

A few treatments have been existing for a long time and are frequently utilized. They

provide quick results by eliminating cancer cells, but there are significant downsides. In

most situations, there is no selectivity for tumor cells, therefore they destroy healthy cells

nearby. Further, the negative impacts are severe and might continue for a long time [2].

Different techniques are needed for treating different types of cancers. However, this is not

the only situation, since the diversity of a particular disease makes it impossible to follow

a similar form of therapy even for individuals experiencing the same kind of cancer [3].

Immunotherapy is a rapidly increasing and expanding branch of cancer treatment. It fo-

cuses on improving patients’ immune system against cancer. Current immunotherapies in-

clude cytokines, inhibitors of checkpoints, targeted antigens, immunizations, adoptive cell

transfer, and oncolytic bacteria, etc. To increase the effectiveness of the therapy, they can

be employed either alone or in conjunction with radiotherapies, chemotherapies, surgery, or
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targeted treatments. Immunotherapy involves using cytokines in combination with adop-

tive cellular immunotherapy (ACI) [3, 4]. A protein hormone known as cytokines plays

an equally crucial role in native and adaptive immunity. Activated T cells primarily form

cytokines during cell-mediated immune responses [5].

To distinguish the complex relations amongst the various aspects of the tumor micro-

habitat, mathematical modeling is a predominant tool. In this thesis, we introduce a math-

ematical model describing the behaviors of the tumor cells, the CD4+ T cells, and the

cytokine interactions, in the form of ordinary differential equations (ODEs) [6], and focus

on the study of the case with no treatment. We use a logistic growth function for the tumor

cells, and Michaelis-Menten kinetics with various half-saturation values for all functional

forms. Hopf bifurcation analysis is given to show the oscillating behaviors in the model.

Numerical simulations are represented to illustrate the theoretical predictions.

remainder of the thesis is organized as follows. In the next section, we will study

the basic solution features of the proposed system. Then, we investigate the stability and

bifurcations from equilibrium solutions in Sect. 2.4, with the center manifold reduction

discussed. Analysis on the codimension of Hopf bifurcation is given in Sect. 2.4.2 to show

the existence of maximal number of bifurcating limit cycles. Numerical simulations are

presented in Sect. 2.5, and finally conclusions are drawn in Sect. 2.6.

2.2 Modeling and Reduction

In this section, we introduce a mathematical model describing the dynamical behaviours

of the tumor cells, the CD4+ T cells, and the cytokine interactions, and focus on the study

for the case with no treatment. Let the mass concentration of the tumor cells, CD4+ T cells

and cytokine be denoted by x, y and z, respectively. Then, the proposed model is described

by the following ordinary differential equations (ODEs) [6]:
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dx
dt
= x f (x) − d(x, z),

dy
dt
= gy(x, y) − ay(y) + I1(t),

dz
dt
= gz(x, y, z) − az(z) + I2(t),

(2.1)

where the function f (x) represents the tumor cells per capita growth rate, d(x, z) denotes

the tumor cells loss caused by cytokines, gy(x, y) is the CD4+ T cells proliferation through

contacts with the tumor cells. Here, the function gz(x, y, z) represents cytokine secretion

by CD4+ T cells activated by tumor cells. It does not depend on z, since cytokines do not

self-proliferate; the cytokine loss are denoted by the functions ay(y) and az(z), respectively,

while immunotherapy treatments are represented by I1(t) and I2(t), which may be time-

dependent.

In this research work, a logistic growth function is utilized for the tumor cells, and

Michaelis-Menten kinetics with various half-saturation values is used for all functional

forms. As a result, it is anticipated that the tumor’s development is reduced as well as the

tumor cells’ ability to produce the CD4+ T cells and an anticancer cytokine. With these

assumptions, the model (2.1) can be rewritten as

dx
dt
= rx

(
1 −

x
K

)
−
δxz

m + x
,

dy
dt
=
βxy

k + x
− ay + I1,

dz
dt
=
αxy

b + x
− µz + I2,

(2.2)

where all the parameters r, K, m, a, b, k, µ, β, δ and α are positive constants, and

I1(t) ≥ 0 and I2(t) ≥ 0 denote the regular remedies of the CD4+ T cells and the cytokine in

keeping with a unit time, respectively. The parameters and their organic interpretations are

summarized in Table 2.1.
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Table 2.1: Parameters used in system (2.2) [6].

Parameter Biological meaning Unit
m half saturation constant of the tumor-killing rate cm3

β Maximum CD4+ T cells production rate day−1

k half saturation constant of the CD4+ T cells production rate cm3

a death rate of the CD4+ T cells day−1

b half saturation constant of the cytokine production rate cm3

µ cytokine loss rate day−1

r growth rate of the tumor day−1

K carrying capacity of the tumor cm3

δ maximum tumor killing rate by cytokine day−1

α maximum production rate of cytokine day−1

I1 treatment by CD4+ T cells cm3day−1

I2 treatment by Cytokine cm3day−1

All variables are expressed per unit cell volume (cm3); hence tumour cells, immune

cells, and cytokines are represented as mass concentrations (e.g. IU/cm3). Cytokine data

reported experimentally in IU/mL are converted into equivalent volumetric units before

nondimensionalization to maintain dimensional consistency across the model. In order to

simplify the analysis in the following sections, we introduce the scaling:

x = KX, y =
Kr2

αδ
Y, z =

Kr
δ

Z, t =
1
r
τ

into system (2.2) to obtain the dimensionless model:

dX
dτ
= X

(
1 − X −

Z
A + X

)
,

dY
dτ
= Y

( BX
C + X

− D
)
+ I1,

dZ
dτ
=

XY
E + X

− FZ + I2,

(2.3)

where the six new positive parameters are defined as
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A =
m
K
, B =

β

r
, C =

k
K
, D =

a
r
,

E =
b
K
, F =

µ

r
, I1 =

G1r3K2

αδ2
, I2 = G2r.

(2.4)

In this research work, we shall explore the dynamical behaviors of the model (2.3) in the

full 6-dimensional parameters space, particularly for the case without treatment, i.e., I1 =

I2 = 0. Thus, system (2.3) is reduced to

dX
dτ
= X

(
1 − X −

Z
A + X

)
,

dY
dτ
= Y

( BX
C + X

− D
)
,

dZ
dτ
=

XY
E + X

− FZ,

(2.5)

with the non-negative initial conditions:

X(0) = X0 ≥ 0, Y(0) = Y0 ≥ 0, Z(0) = Z0 ≥ 0. (2.6)

We shall give an analysis on the generic dynamics of the system (2.5) in terms of the

6-dimensional (A, B, C, D, E, F) parameters space. We pay particular attention on the

analysis of Hopf and generalized Hopf bifurcation. We apply Hopf bifurcation theory to

prove the existence of multiple limit cycles, giving rise to different types of bistable states.

The new parameters and their biological meaning are given in Table 2.2.

The dimensionless model (2.5) will be studied in the next several sections. We shall

consider the property of solutions, the equilibria and their stability, and pay particular at-

tention to the dynamics of the tumor cells, the CD4+ T cells, and the cytokine interactions.
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Table 2.2: Parameters used in system (2.5) [6].

Parameter Biological meaning value
A half saturation constant of the tumor-killing rate 0.1
B Maximum CD4+ T cells production rate 6
C half saturation constant of the CD4+ T cells production rate 1
D death rate of the CD4+ T cells 3
E half saturation constant of the cytokine production rate 0.1
F cytokine loss rate 5000

2.3 Property of Solutions of System (2.5)

First, we consider the property of solutions of the system (2.5) and have the following

result.

Theorem 2.3.1 The solution of system (2.5) is positive if the given initial condition is pos-

itive, and it is bounded.

Proof We begin by considering the well-posedness of the solutions of system (2.5). The

existence and uniqueness of the solution of (2.5), subject to initial conditions (2.6), follow

from the elementary theory of ODEs. We consider the solution of this initial value prob-

lem, (X(τ),Y(τ),Z(τ)) ∈ R3
+. Since the variables represent densities and concentrations of

physical quantities, the system must remain non-negative for all τ > 0. We first consider

the tumor equation. Using the variation principal, we obtain from the first equation in (2.5)

that

X(τ) = X(0) e
∫ τ

0 [1−X(s)− Z(s)
A+X(s) ] ds,

which clearly indicates that X(τ) ≥ 0, for τ > 0 if X(0) ≥ 0. Similarly, it follows from the

second equation in (2.5) that

Y(τ) = Y(0) e
∫ τ

0 [ BX(s)
C+X(s)−D] ds,
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implying that Y(τ) ≥ 0 for τ > 0 if Y(0) ≥ 0. Finally, the third equation in (2.5) gives

Z(τ) = e−Fτ

[
Z(0) +

∫ τ

0

(X(s)Y(s)
E + X(s)

)
eFs ds

]
.

This shows that Z(τ) > 0 for τ > 0 if Z(0) ≥ 0, by noticing that X(τ) > 0 and Y(τ) > 0 for

τ > 0.

Next, we prove that the solution of system (2.5) is bounded. First of all, it is easy to see

from the first equation in (2.5) that the following inequality holds:

dX
dτ
= X

(
1 − X −

Z
A + X

)
≤ X(1 − X).

It is obvious that the solution of the DE: dX
dτ = X(1−X) is bounded, and actually it converges

to the equilibrium X = 1. Then, by the comparison principle we know that X is bounded.

Next, consider the variable Z. Suppose it is unbounded, i.e., Z(τ) → +∞ as τ → ∞. Then,

it follows from the first equation in (2.5) that X(τ) → 0 as τ → ∞, and thus the second

equation in (2.5) yields Y(τ)→ 0 as τ→ ∞. Hence, the limit equation of the third equation

in (2.5) becomes dZ
dτ = − F Z, implying that Z(τ)→ 0 as τ→ ∞, leading to a contradiction.

Therefore, Z is bounded. Finally, suppose Y is unbounded, i.e., Y(τ) → +∞ as τ → ∞.

Then, again it follows from the third equation in (2.5) that X(τ)Y(τ)
E+X(τ) −FZ(τ)→ +∞ as τ→ ∞

since X and Z are bounded, yielding that dZ(τ)
dτ → +∞ as τ → ∞, giving Z(τ) → +∞ as

τ→ ∞, a contradiction. Thus, Y is also bounded.

2.4 Equilibrium Solutions and Their Stability

Simply letting dX
dτ =

dY
dτ =

dZ
dτ = 0 yields three equilibrium solutions:

Two boundary equilibria: E0 = (0, 0, 0), E1 = (1, 0, 0);
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One positive (interior) equilibrium:

E2 = (X2,Y2,Z2) =
( CD

B − D
,

F(E + X2)Z2

X2
, (1 − X2)(A + X2)

)
.

Define

Bt = (C + 1)D. (2.7)

Then, we have the following theorem for the existence and stability of the equilibria.

Theorem 2.4.1 For the system (2.5), the two boundary equilibria E0 and E1 exist for all

parameter values, while the positive equilibrium E2 exists for B > Bt. E0 is always a

saddle-focus; E1 is locally asymptotically stable (LAS) for B < Bt and unstable for B > Bt;

while E2 is LAS for Bt < B < BH and unstable for B > BH. A transcritical bifurcation

happens between E1 and E2 at B = Bt, and a Hopf bifurcation occurs from E2 at the

critical point B = BH, where BH is defined in the proof.

Proof Since the two boundary equilibrium solutions are not related to any parameters,

they exist for all parameter values. The positive equilibrium E2 requires Z2 > 0, that is,

X2 =
CD
B−D < 1, yielding B > Bt.

The stability of the three equilibrium solutions can be easily determined from the Ja-

cobian matrix of (2.5), evaluated at the equilibria. The Jacobian matrix of (2.5) is given

by

J(X,Y,Z) =



1 − 2X −
AZ

(A + X)2 0 −
X

A + X

BCY
(C + X)2

BX
C + X

− D 0

EY
(E + X)2

X
E + X

−F


. (2.8)
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Evaluating J at the boundary equilibria E0 and E1, we have

J(E0) =


1 0 0

0 −D 0

0 0 −F


and J(E1) =



−1 0 −
1

A + 1

0
B

C + 1
− D 0

0
1

E + 1
−F


.

It is easy to see from J(E0) that the population-free equilibrium E0 is a saddle-focus with a

stable manifold lying on the non-negative Y-Z plane. This indicates that the tumor may not

be eliminated without any treatment even if it is very small. The equilibrium E1 is LAS for

B < Bt, and unstable for B > Bt. A transcritical bifurcation occurs between E1 and E2 at

the critical point B = Bt (which will be shown next), but E2 only exists for B > Bt.

Next, consider the stability of E2. Note that the tumor size in E2 is always smaller than

the normalized carrying capacity 1 (the non-normalized carrying capacity is K). Evaluating

the Jacobian matrix of system (2.5) at the positive equilibrium E2, we obtain

J(E2) =



D[(A−2C−1)D−B(A−1)]C
[(A−C)D−AB](B−D) 0 CD

(A−C)D−AB

[(A−C)D−AB][(C+1)D−B][(C−E)D+EB]F
C2BD 0 0

E[(A−C)D−AB][(C+1)D−B]F
D[(C−E)D+BE]C

CD
(C−E)D+BE −F


. (2.9)

A direct computation yields the characteristic polynomial for E2:

PE2(λ) = λ
3 + a1λ

2 + a2λ + a3, (2.10)
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where

a1 = F + 1 −
(B − Bt)[(A + 2)CD + (B − Bt)A]

[CD + B − Bt][(A + 1)CD + (B − Bt)A]

a2 = F −
(B − Bt)CDF[(A + E + 2)CD + (B − Bt)(A + E)]

(CD + B − Bt)[(A + 1)CD + (B − BtA][(E + 1)CD + (B − Bt)E]
,

a3 =
DF(B − Bt)

(1 +C)D + B − Bt

(2.11)

It is easy to see that a3 > 0 due to the existence condition B > Bt for E2. At the critical

point B = Bt, a1 = F + 1 > 0, a2 = F > 0 and a3 = 0, at which E2 = E1, implying that a

transcritical bifurcation occurs between E1 and E2.

To simplify the analysis on the stability of E2, we let

B = Bt + h, (h ≥ 0). (2.12)

Then, the transcritial bifurcation point B = Bt becomes h = 0. We want to consider the

bifurcation from E2 as h is increasing. Thus, substituting (2.12) into (2.11) yields

a1(h) = F + 1 − h Q1(h), a2(h) = F − h Q2(h), a3(h) = h Q3(h),

in which Q1, Q2 and Q3 are given by

Q1(h) =
[(A + 2)CD + hA]

(CD + h)[(A + 1)CD + hA]
,

Q2(h) =
CDF[(A + E + 2)CD + h(A + E)]

(CD + h)[(A + 1)CD + hA][(E + 1)CD + hE]
,

Q3(h) =
DF

(1 +C)D + h
,

which clearly indicates that Qk(h) > 0, k = 1, 2, 3 for h > 0. By the Routh-Hurwitz criteria,

it is known that E2 is LAS for a1(h) > 0, a3(h) > 0 and ∆2(h) = a1(h)a2(h) − a3(h) > 0.

At the critical point h = 0, a1 > 0, a2 > 0, a3 = 0, and so ∆2 > 0. When h is increasing
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from h = 0, both a1 and a2 are decreasing from positive values, while a3 is increasing

from 0. Hence, ∆2 = a1a2 − a3 crosses zero before either a1 or a2 does, implying that the

only bifurcation can happen from E2 is Hopf bifurcation. Clearly, Bogdanov-Takes (B-T)

bifurcation is not possible since it requires that a2 = a3 = 0. Further, to investigate if it

is possible to have Hopf bifurcation from E2, we derive the detailed expression for ∆2 as

follows:

∆2(h) = F(F + 1) −
hFQ4(h)

(CD+h)2[(A+1)CD+hA]2[(C+1)D+h][(E+1)CD+hE]
,

where where

Q4(h) = A2E(D + 1)h5

+AD
[
AC(5E+1)(D+1) + 2CE(D+1) + (A+C)E + (A+E)CF

]
h4

+CD2(10A2CDE + 4A2CD + 10A2CE + 4A2CF + 8ACDE

+4ACEF + 5A2C + 4A2E + A2F + 2ACD + 13ACE +AEF

+3ACF +CDE +CEF + A2 + 2AC + 3AE +CE)h3

+C2D3(10A2CDE + 6A2CD + 10A2CE + 6A2CF + 12ACDE

+6ACEF + 9A2C + 6A2E + 3A2F + 6ACD + 21ACE + 9ACF

+3AEF + 3CDE + 3CEF + 4A2 + 10AC + 10AE + 3AF +CD

+5CE + 2CF + EF + 2A + E)h2

+C3D4(5A2CDE +4A2CD +5A2CE +4A2CF +8ACDE +4ACEF

+7A2C +4A2E+3A2F +6ACD +15ACE +9ACF +3AEF +3CDE

+3CEF+ 5A2+ 14AC + 11AE + 6AF + 2CD + 7CE + 4CF + 2EF

+8A + 4C + 4E + 2F)h

+C4D5(A+1)(ACDE+ACD+ACE+ACF+CEF+CDE+2AC

+AE+ AF+CD+ 3CE+ 2CF+ EF+ 2A+ 4C+ 3E+ 2F+ 4).
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It can be seen that Q4(0) = F(F + 1) > 0 and ∆2 → −∞ aa h→ ∞ (since the coefficient of

h5 is positive), implying that ∆2(h) has at least one positive root, and it may have multiple

positive roots. The smallest root of ∆2(h), denoted by hH, defines a critical Hopf bifurcation

point. In terms of the bifurcation parameter B, the Hopf critical point is given by BH =

Bt + hH. Thus, the equilibrium E2 is LAS for Bt < B < BH (or 0 < h < hH) and unstable

for B > BH. Hopf bifurcation occurs from E2 at the critical point B = BH.

This completes the proof for Theorem 2.4.1.

Define the basic reproduction number as

R0 =
B

(C + 1)D
, (2.13)

where R0 represents the ratio between the immune cell growth rate and the combined effects

of immune suppression and natural decay. It quantifies the ability of CD4+ T cells to expand

in response to tumour stimulation when the tumour is small.

The dynamics and bifurcations of system (2.5) can be simply described as follows: the

equilibrium E0 is always a saddle-focus; the equilibrium E1 is LAS for R0 < 1 and unstable

for R0 > 1; while the equilibrium E2 exists for R0 > 1 and is LAS for 1 < R0 <
BH

(C+1)D ,

and unstable for R0 >
B

(C+1)D . A transcritical bifurcation happens between E1 and E2 at the

critical point R0 = 1, and Hopf bifurcation occurs from E2 at the critical point R0 =
BH

(C+1)D .

Note that E0 is a population-free equilibrium, E1 is a disease-free equilibrium, and E2 is an

endemic equilibrium.

Biologically, R0 measures how effectively the immune response can “reproduce” or

sustain itself relative to its loss rate. R0 > 1 indicates that CD4+ T cells can grow sufficiently

to expand the immune response and control the tumour, while R0 < 1 signals insufficient

growth, leading to tumour persistence. Here, the “reproducing” quantity is the CD4+ T-cell

population, and R0 sets the threshold for immune effectiveness.

The bifurcation diagram projected on the B-X plane for system (2.5) is shown in Fig-
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•

•

B

X

E1

E2

E0

BHBtD

Figure 2.1: Bifurcation diagram for system (2.5) showing the equilibrium solutions E0, E1

and E2, where solid and dotted lines/curves represent stable and unstable equilibrium solu-
tions, respectively.

ure 2.1, in which three equilibria E0, E1 and E2 with stability are depicted. The transcritical

bifurcation point Bt and the Hopf bifurcation point B = BH are specified.

To further explore the dynamics and bifurcation of system (2.5), we discuss two cases

in the following: (1) R0 = 1 for which we use center manifold theory to investigate the

stability of equilibria; and (2) R0 > 1 for which we consider Hopf bifurcation and pay

particular attention to the codimension of the Hopf bifurcation.

2.4.1 Case R0 = 1 (or D = B
C+1)

When R0 = 1 or D = B
C+1 , system (2.5) is in a critical situation, i.e., the equilibria E1 and

E2 coincide at the critical point B = Bt and complex dynamics of the system happens on

the center manifold, while the equilibrium E0 is still a saddle-focus.

For this critical case, in order to keep the parameter B in the analysis, we treat D as a

bifurcation parameter and change the equation B = (C + 1)D to D = B
C+1 . Then, define
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Dt =
B

C+1 at which R0 = 1. At the critical point, the equilibrium solutions become

E0 = (0, 0, 0), E1 = E2 = (1, 0, 0). (2.14)

We have following theorem.

Theorem 2.4.2 For the system (2.5) at the critical point R0 = 1, the equilibria E1 and E2

coincide to become a degenerate stable node. There is no backward bifurcation for this

critical case.

Proof Since at R0 = 1, the system (2.5) has a simple zero eigenvalue at E1 (= E2), implying

that it is a degenerate node. To study the stability of E1, We need to find the differential

equation describing the dynamics on the center manifold, and then discuss the stability

of E1. To achieve this, we first perform a reduction analysis on the center manifold by

introducing an affine transformation, given by


X

Y

Z


=


1

0

0


+



−1
(E + 1)(A + 1)

1
1

A + 1

F 0 0

1
E + 1

0 F − 1




u

v

w


, (2.15)

into (2.5) with D = B
1+C to obtain the system,

du
dτ
=−

CBu
{
u − (E + 1)

[
(A + 1)v + w

]}
(C + 1)2(A + 1)(E + 1)

,

dv
dτ
=−v−v2−

(AF+1)w2

(A+1)3 −
(AF+A+2)vw

(A+1)2 −
u(P1u−P2v−P3w)

(A+1)3(E+1)3(C+1)3(F−1)
,

dw
dτ
=−Fw +

u
[
CB(E + 1) − (C + 1)2EF

]{
u − (E + 1)

(
(A + 1)v + w

)}
(E + 1)3(A + 1)(C + 1)2(F − 1)

,

(2.16)
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where
P1 = F

(
CB(A + 1)(E + 1) + (C + 1)2(1 − AE)

)
−(E + 1)(C + 1)2,

P2 = (E + 1)(A + 1)
{
F
[
CB(A + 1)(E + 1) + (C + 1)2(A + E + 2)

]
−(A + 2)(C + 1)2(E + 1)

}
,

P3 = (E + 1)
{
(E + 1)(C + 1)2(AF2 − 2)

+
[
CB(A + 1)(E + 1) − (C + 1)2(A(1+ 2E) − E − 2

)]
F
}
.

Note that the linear part of system (2.16) is in Jordan canonical form, having eigenvalues

0, −1 and −F.

Then applying center manifold theory and letting

v = a u2, w = b u2,

and balancing the coefficients in the equations:

dv
dτ
= 2 a u u̇, and

dw
dτ
= 2 b u u̇,

together with (2.16) yields

a = −
(AEF+E−F+1)(C2 + 1) +

{[(
(2−B)A−B

)
E−B(A+1)−2

]
F(E+1)

}
C

(A + 1)2(E + 1)3(C + 1)2(−1 + F)
,

b =
−C2EF +CBE − 2CEF +CB − EF

(E + 1)2(A + 1)(C + 1)2(−1 + F)
.

Hence, the center manifold up to the second order is defined as

Wc = {(u, v,w)|v = au2 + O(u3),w = bu2 + O(u3)},

and the differential equation describing the dynamics on the center manifold is given by

du
dτ
= −

CB
(E + 1)(C + 1)2(A + 1)

{
u2 −

[
a(A + 1) + b

]
(E + 1)u3 + O(u4)

}
, (2.17)
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which clearly indicates that the equilibrium E1 is a stable degenerate node since the coeffi-

cient of u2 is negative.

When D = B
1+C , the system still has four parameters A, B, C and D. We give a brief

summary on the dynamics and bifurcation of the system (2.5) at R0 = 1. It can be seen

from (2.17) that u = 0 defines a degenerate stable node on the center manifold. Now, the

system (2.5) has only two equilibria E0 and E1, and Y1 = 0 still holds for the critical case.

Back to the original equilibrium solution using (2.15), we have

X1 = 1 −
u

(1 + E)(1 + A)
, (2.18)

which shows that X1 = 1 when u = 0. The above stability for u implies that E1 is a de-

generate stable node, and so that no backward bifurcation can occur. Simulation of system

(2.5) for the critical case R0 = 1 is shown in Figure 2.2, indicating that all trajectories with

different initial conditions converge to the degenerate node E1.

2.4.2 Case R0 > 1 and codimension of Hopf bifurcation

In this subsection, we consider the case R0 > 1, and particularly investigate the codimen-

sion of the Hopf bifurcation discussed in the previous sections.

First, we describe the underlying concept of the technique used to study the codimen-

sion of Hopf bifurcation. The basic idea is to identify the dominant values that can be

used to quantify the number of limit cycles bifurcating from a Hopf critical point and their

stability for a given nonlinear dynamical system associated with a Hopf bifurcation. These

dominant values are often known as focus values, and they may be derived by comput-

ing the normal forms for a general n-dimensional nonlinear systems. To be more specific,

consider the following general n-dimensional autonomous differential system,

dZ
dτ
= AZ + f (Z), Z ∈ Rn, f : Rn → Rn, (2.19)
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Figure 2.2: Phase portrait of system (2.5) at R0 = 1, projected on the X-Y plane, showing
the convergence of trajectories to the degenerate node X = 1, with the parameter values:
A = 1

10 , B = 29
3 , C = 1, D = B

1+C =
29
6 , E = 3

1000 and F = 100.

where the linear and nonlinear components of the system are denoted by AZ and f (Z),

respectively. For our purpose, without loss of generality, assume that f (0) = D f (0) = 0,

which indicates that the system’s fixed point is Z = 0. In general, the matrix A may have

eigenvalues with real parts that are negative, positive, or zero, and as a result, the system

may contain stable, unstable, or center manifolds. To compute the normal form, the first

step is typically to apply a linear transformation T to the given system, converting its linear

portion to the Jordan canonical form, which is the system’s normal form for the linear part.

Thus, applying the linear transformation Z = T X to the system results in the system,

dX
dτ
= JX + f (X), X ∈ Rn, f : Rn → Rn, (2.20)

where J = diag(J1, J2, J3), in which J1, J2 and J3 are in Jordan canonical forms, having

zero, negative and positive real parts, respectively. It should be noted that in real applica-

tions, the unstable manifold is usually assumed null since the system is unstable when it
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contains unstable manifold.

Now, based on the system (2.20), we suppose that J1 is two dimensional and contains

a pair of purely imaginary eigenvalues ± iωc at a critical point, and J3 is null. Then, we

compute the normal form associated with Hopf and generalized Hopf bifurcations by em-

ploying center manifold theory, normal form theory and computer algebra systems to obtain

the following normal form in polar coordinates [7]:

dr
dτ
= r(v0µ + v1r2 + v2r4 + · · · + vkr2k + · · · ),

dθ
dτ
=ωc + t0 + t1r2 + t2r4 + · · · + tkr2k + · · · ,

(2.21)

where the motion’s amplitude and phase are denoted by r and θ, respectively. The kth-

order focus value is vk (k = 0, 1, 2, . . . ). We can derive v0 and t0 using a linear analysis. The

second equation in (2.21) can be used to calculate the frequency of the bifurcating periodic

motion, whereas the first equation in (2.21) can be applied to examine bifurcation and the

stability of limit cycles. When all the focus values are given in terms of the original system

parameters, if we can use k parameters such that v0 = v1 = · · · = vk−1 = 0 but vk , 0 at

the critical point specified by µc = (µ1c, ..., µkc), and the following condition holds:

rank
[
∂(v0, v1, · · · , vk−1)
∂(µ1, µ2, ..., µk)

(µc)
]
= k, (2.22)

then the system can bifurcate k limit cycles around the origin (the equilibrium) from the

Hopf critical point, by using appropriate perturbations on µ. More details on the topic of

bifurcation of limit cycles can be found in [7–9].

We have the result for the codimension of Hopf bifurcation in the following theorem.

Theorem 2.4.3 For the system (2.5), when C = 1, B = D(3−A)
1−A (A < 1), the codimension of

the Hopf bifurcation from the equilibrium E2 is 4, implying that at least 4 small-amplitude

limit cycles exist around the equilibrium E2.
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Proof Since the computation of the focus values is extremely complicated for general case,

we make a simplification by setting C = 1, B = D(3−A)
1−A (with A < 1) in system (2.5), yielding

the new system,
dX
dτ
= X

(
1 − X −

Z
A + X

)
,

dY
dτ
=

DY(2X − 1 + A)
(1 − A)(1 + X)

,

dZ
dτ
=

XY
E + X

− FZ,

(2.23)

which has three equilibria:

E0 = (0, 0, 0),

E1 = (1, 0, 0),

E2 =

(1 − A
2
,

F(A + 1)2(1 − A + 2E)
4(1 − A)

,
(A + 1)2

4

)
.

Since we are interested in the Hopf bifurcation which occurs from E2, we similarly use the

Jacobian matrix of the system to determine the stability of E2, which produces

J(E2) =



0 0
A − 1
A + 1

DF(A + 1)2(A − 2E − 1)
(A − 3)(A − 1)2 0 0

E(A + 1)2F
(A − 1)(A − 2E − 1)

A − 1
A − 2E − 1

−F


,

yielding the characteristic polynomial,

PE2(λ)) = λ
3 + a1λ

2 + a2λ + a3,

where

a1 = F, a2 =
F(A + 1)E
1 − A + 2E

, a3 =
FD(A + 1)

3 − A
,
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showing that all ai’s are positive. To find a Hopf bifurcation critical point, we choose E as

the bifurcation parameter and let

∆2 = F(A + 1)
E
[
F(3 − A) − 2D

]
− D(1 − A)

((3 − A)(1 − A + 2E)
= 0,

from which we find the Hopf critical point defined as

EH =
D(1 − A)

F(3 − A) − 2D
.

Since A < 1 and E ≫ D, we know that EH > 0. Thus, the equilibrium E2 is LAS for

E > EH, and unstable for 0 < E < EH. Hopf bifurcation occurs from E2 at the critical point

E = EH.

To compute the focus values for system (2.23) at E = EH, we introduce the following

affine transformation,


X

Y

Z


=



1 − A
2

F(A + 1)2(A − 1 − 2E)
4(A − 1)

(A + 1)2

4



+



0
(1−A)

√
D2(3+2A−A2)

(1 + A)2D2

1 − A
F(A+1)

F2(3 − A)
F(3−A)−2D2

0
−D2(1 + A)

F(3−A)−2D2

1 0 1




u

v

w


,

where D2 =
√

D, into (2.23) to obtain the system whose linear part is in Jordan canonical
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form:

du
dτ
=ωcv +

(2F3−2DF)A2+(−8F3−4D2+4DF)A +6F3−4D2+6DF
(A + 1)(A − 3)F((D − F2)A + 3F + D)

u2

+
2(−AF2 + AD + 2DF + F2 + D)D

F2(−AF2 + AD + 3F2 + D)(−3 + A)
w2 + · · · ,

dv
dτ
=−ωcu + V11v2 + V12w2 + · · · ,

dw
dτ
=−Fw +

4(D − F)F
F(−AF2 + AD + 3F2 + D)(A + 1)

v2

−
4(D − F)D

F(−AF2 + AD + 3F2 + D)(A − 3)
w2 + · · · ,

(2.24)

in which

ωc =

√
D(A + 1)

3 − A
,

while other lengthy expressions denoted by · · · are omitted for simplicity. V11 =
V11n
V11d

,

V12 =
V12n
V12d

with

V11n = (D − F2)A4 + 4(2F2 − D)A3 + 2[11F2 − (2D2 + 2F + 1)D]A2

+4[6F2 − 2D2 + (2F + 1)D]A − 4D2 + (4F − 3)D − 9F2),

V11d =ωc(A + 1)2((−F2 + D)A + 3F2 + D),

V12n =−D
{
(D − F2)A4 − 4[F3 − 2F2 − (F − 1)D]A3

+2[12F3 − 11F2 − 2D2 − (2F − 1)D]A2

−4[9F3 − 6F2 + 2D2 + (F − 1)D]A − 4D2 + (4F − 3)D − 9F2},
V12d =ωc(A + 1)(A − 3)F2[(D − F2)A + 3F2 + D].

Now, we apply the Maple program in [7] for computing the normal forms associated with

Hopf and generalized Hopf bifurcations to get the amplitude equation in the normal form



Chapter 2 –Bifurcation Analysis on a Tumor Model 44

up to 9th-order as follows:

dr
dτ
= r[v0µ + v1r2 + v2r4 + v3r6 + v4r8 + O(r10)], (2.25)

where µ = E −EH, is a perturbation parameter, and v0, v1, v2, v3, and v4 are the zero-order,

1st-order, 2nd-order, 3rd-order, and 4th-order focus values.

The transversal condition is obtained by using a linear analysis as

v0 = −
(1 + A)[(A − 3)F + 2D]2

2(1 − A)(3 − A)[(3 − A)F2 + (1 + A)D]
< 0, (2.26)

indicating that E is decreasing to cross the Hopf critical point E = EH, which agrees with

the above result: E2 is LAS for E > EH and unstable for E < EH.

The equation (2.25) can be utilized to do bifurcation analysis, and the sign of v1 indi-

cates whether the Hopf bifurcation is supercritical or subcritical, while the signs of higher-

order focus values can determine the stability of multiply bifurcating limit cycles. The

general necessary and sufficient condition for the existence of multiple limit cycles is given

in (2.22). For our system (2.24), using the Maple program [7], we obtain the focus values

v1, v2, v3 and v4 as follows:

v1 =
(1 − A)(3 − A)v1a

16D(A+1)4[(A−3)F+2D][(3−A)F2+(A+1)D][(3−A)F2+4(A+1)D]
,

v2 =
(A − 1)v2a

144v2d
,

v3 = · · · ,

v4 = · · · ,
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where

v1a = (3A2 − 6A − 1)(A − 1)2(A − 3)3F5 + 4D(3A − 5)(A − 3)(A + 1)2F4

−D(A+1)(A−3)
[
4(A+1)(A−7)D + (A−1)2(A−3)(15A2−26A−1)

]
F3

−4D2(A + 1)2[2D(A + 1)(A − 3) − A4 + 8A3 − 20A2 + 4A − 31
]
F2

−4D2(A + 1)2[8(A + 4)(A + 1)D + (3A − 1)(3 − A)(A − 1)3]F
+8D3(A + 1)3[5D(A + 1) − (A − 3)(A − 1)2],

v2a = · · · ,

v2d =D3F2(A + 1)10[(A − 3)F + 2D][D(9A + 9) + F2(3 − A)]

×[D(A + 1) + F2(3 − A)]3[4D(A + 1) + F2(3 − A)]3

The lengthy expressions for v2a, v3 and v4 are omitted here for brevity.

Since vk’s contain 3 parameters, A, D and F, it might be possible to have solutions such

that v1 = v2 = v3 = 0, but v4 , 0, yielding at most 4 limit cycles. Based on the focus values

v1, v2 and v3, we first use the Maple-built command eliminate to get a solution D(A, F) and

two resultants: R1(A, F) = R0(A, F) R1a(A, F) and R2(A, F) = R0(A, F)R2a(A, F), where

R0(A, F) = F(1 − A)(3 − A)[1 + 3A(2 − A)][1 + A + (3 − A)F]

×[4(1 + A) + (3 − A)F]
{
(3 − A)

[
8F2 − (1 − A)2)

]
+ (A + 17)F

}
×
{
(3 − A)

[
F2 + 4(1 − A)2] + 4(1 + 5A)F

}
> 0, (for A < 1 < F).

R1a(A, F) and R2a(A, F) are two lengthy polynomials in A and F. Then, we use the Maple-

built command resultant to obtain a lengthy resultant polynomial in A:

R12(A) = −C0(1 − A)562(3 − A)480(1 + 6A − 3A2)10R12a R12b R12c R12d R12e,
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where C0 is a big integer, and

R12a = (A6 − 21A5 + 100A4 − 174A3 + 117A2 − 77A + 22)

×(A8 − 34A7 + 262A6 − 850A5 + 1344A4 − 758A3 + 810A2 − 22A + 15)

×(692356A8 − 8273296A7 + 38723436A6 − 86480443A5 + 93238801A4

−34912614A3 − 19718394A2 + 10915137A + 3619593),

R12b = 21472041204A16 − 478685886756A15 + 4655191749410A14

−34305698817233A13 + 215384167112585A12 − 969873671993323A11

+2873132220801823A10 − 5219368638878410A9 + 4808258364989540A8

−631844839107146A7 − 1746598670362432A6 + 369616640399739A5

+316560031040433A4 − 78293927207799A3 − 8702697485457A2

+2044756430064A + 188337117438,
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R12c = 167799312A16 − 3958473216A15 + 42320529064A14

−271935782032A13 + 1172853133196A12 − 3585911951970A11

+7985864531153A10 − 13061138801753A9 + 15498297078232A8

−12684785748056A7 + 5940193043694A6 + 296535775826A5

−2874589615504A4 + 2350575838674A3 − 1033536360511A2

+259226146431A − 30413518092,

R12d = 90882A22 − 2679318A21 + 35478081A20 − 277959600A19

+1424448720A18 − 4950964386A17 + 11507199649A16

−15822195200A15 + 3505374380A14 + 38022655684A13

−98266484414A12 + 143736947488A11 − 150810106072A10

+126898351068A9 − 91109565046A8 + 54088899456A7

−23425253534A6 + 6141349874A5 − 727614883A4

+53692176A3 − 25228552A2 + 5826598A + 882677,

R12e = · · · ,

R12 f = · · · ,

where R12e and R12 f are respectively 386-degree and 1908-degree polynomials in A. It is

easy to verified that R12c and R12d have no real solutions for A ∈ (0, 1), while R12a, R12b and

R12e have only 9 real solutions for A ∈ (0, 1). Then, we use these 9 solutions to obtain 4

positive solutions for F. Among theses 4 sets of solutions (Ak, Fk), k = 1, 2, 3, 4, we use

the above obtained formula D(A, F) to verify that only one solution satisfies D > 0. This
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unique solution is given by

A = 0.9434673546 · · · , B = 154.3184037325 · · · , C = 1,

D = 4.2421050801 · · · , E = 0.4459655614 · · · , F = 5.6930540630 · · · ,
(2.27)

where E = EH. Note that 1000-digit point accuracy has been used in the above computa-

tions in order to guarantee the correctness of conclusion. With this solution, we have

ωc = 0.2053782428 · · · , v0 = v1 = v2 = v3 = 0, v4 = 0.1785278748 · · · × 10−7 , 0,

which shows that the system (2.5) can have at most 4 small-amplitude limit cycles arising

from Hopf bifurcation. Finally, we check the formula in (2.22) to obtain

rank
[
∂(v1, v2, v3)
∂(A,D, F)

]
(2.27)
= −0.2636627563 · · · × 10−14 < 0,

which indeed shows that 4 small-amplitude limit cycles can bifurcate from E2 near the

critical point defined in (2.27). Note that v0 is excluded in the above formula since E = EH

has separately solved the equation v0 = 0.

The proof of Theorem 2.4.3 is complete.

2.5 Numerical Simulation

In this section, we use numerical simulation to demonstrate the theoretical results obtained

in the previous sections. However, it should be pointed out that realising the bifurcation

of 4 small-amplitude limit cycles using numerical simulation is extremely difficult. It is

theoretically possible for the system to exhibit four small-amplitude limit cycles, as es-

tablished via higher-order Lyapunov coefficients. However, numerically capturing all four

is extremely challenging because the cycles are very close in phase space and have tiny

amplitudes near critical parameter values. Small numerical errors or sensitivity to initial
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conditions can merge or distort trajectories, and high-order nonlinear terms require very

precise computation and fine parameter tuning. Thus, while theory guarantees up to four

limit cycles, numerical simulations typically reveal only one or two. In fact, to the best of

our knowledge, so far in the literature, the limit cycle simulation is only success for 3 limit

cycles, for example see [10]. We shall present two simulations, one for one limit cycle, and

the other for two limit cycles. The bifurcation diagrams for these limit cycle bifurcations

are shown in Figure 2.3.

EH + µEHEH − µ
E EH + µEHEH − µ

E

(a) (b)

Figure 2.3: Bifurcation diagram for Hopf bifurcations of system (2.5) yielding (a) one limit
cycle bifurcating at E = EH − µ; and (b) two limit cycles bifurcating at E = EH + µ.

We take the following parameter values for simulation of one stable limit cycle, as

shown in Figure 2.4(a):

A = 0.1, B = 9.666667, C = 1, D = 3, E = 0.003, F = 100.

To show the existence of two limit cycles, we choose A = 0.9 and F = 20, and then

solve v1 = 0 to get
√

D = 3.69021284. Further, taking perturbation on
√

D as
√

D =

3.69021284+ 0.0001, leading to D = 13.6176708 and EH = 0.09223153, which yields one

small-amplitude limit cycle. To get one more small limit cycle, we take µ = 0.2 × 10−10 to
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•
E2Y

X

•

E2Y

X
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y

◦

◦

(a) (b)

Figure 2.4: Simulated limit cycles for system (2.5): (a) one stable limit cycle for A =
0.1, B = 9.666667, C = 1, D = 3, E = 0.003, F = 100; and (b) two limit cycles for
A = 0.9, B = 285.971087, C = 1,D = 13.617671, E = 0.092232, F = 20, with the outer
one stable and the inner one unstable, both them enclosing the stable equilibrium E2.

get

v0µ = −0.22778579 × 10−10, v1 = 0.18776581 × 10−7, v2 = −0.32816726 × 10−5,

which yields the following normal form equation for the amplitudes of bifurcating limit

cycles:
dr
dτ
= r

[
v0 µ + v1r2 + v2r4 + O(r6)

]
.

Solving the above equation, we obtain the approximate solutions for the amplitudes of the

two limit cycles: r1 ≈ 0.041783 and r2 ≈ 0.063054.

The simulated limit cycles are shown in Figure 2.4. Figure 2.4(a) depicts one stable

limit cycle. Two trajectories (in red and blue colors) start from two initial points, one

is outside the limit cycle and one is inside the limit cycle. Both them converge to the

limit cycle (the intersection of the red and blue trajectories) which encloses the unstable

equilibrium E2. Bifurcation of two limit cycles is given in Figure 2.4(b), where only the

bigger limit cycle is shown since the existence of the small limit cycle is due to that both the
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bigger limit cycle and the equilibrium E2 are stable (E2 is stable because v0µ < 0). Again,

two initial points (marked by the two circles in Figure 2.4(b)) are chosen from outside and

inside the bigger stable limit cycle. However, due to extremely slow convergence, unlike

Figure 2.4(a), it does not show the two trajectories converging to the exact bigger stable

limit cycle, but it clearly indicates the direction of convergence.

2.6 Conclusion

In this research study, a mathematical model consisting of tumor cells, CD4+ T cells, and

cytokine relations has been studied for examining how the CD4+ T cells might influence

tumor reduction and latency. Although the CD4+ T cells do not directly destroy the tu-

mor cells, they can produce and deploy cytokines to modulate tumor growth. We apply

stability and bifurcation theory to investigate the stability of equilibria and the oscillating

behaviours arising from Hopf bifurcation. Center manifold theory and normal form the-

ory are employed to study bifurcation of limit cycles. The bifurcation results obtained in

this research work indeed indicate that the model can have complex dynamical behaviors,

which may be more proper to describe the real situation.

Our study shows that the tumor cells are persist when no treatment is applied, irre-

spective to the size of the tumor. In the current study, the CD4+ T cells are treated as a

single type and the simplest tumor-suppressing cytokine. No direct relations are assumed

between the tumor and CD4+ T cells. It is shown that without treatment, a patient with very

low tumor antigenicity would experience tumor expanding to its maximum size, regardless

whether the tumor destruction rate and the cytokine production rate are high [11]. On the

other hand, if either of these two rates is high and the maximum CD4+ T production rate is

not excessively low, tumor recurrence can happen, and its size can be managed to a smaller

extent. However, complete elimination of the tumor is not possible without intervention.

In order to completely eliminate tumor cells while the CD4+ T cells are administered, we
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aim to assess if immunotherapy itself is adequate in the next research.
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Chapter 3

3 Dynamical Analysis of a Tumor Model with

Immunotherapy Treatment

3.1 Introduction

Cancer is a disease in which certain cells in the body grow and divide abnormally and

uncontrollably. If left untreated, these abnormal cells can spread to other parts of the body

through the blood or lymph system. Tumor cells do not follow the normal rules that control

how cells grow and stay balanced. This can interfere with the signals that control cell

growth, causing them to stop working properly in all types of human tumors [1]. The

treatment plan for cancer is largely determined by its stage. Cancer staging often relies on

the TNM system, which assesses the tumor’s size (T), whether it has reached nearby lymph

nodes (N), and if it has spread (metastasized) to distant parts of the body (M). Cancer is

usually divided into five stages. In stages 0 and 1, the tumor is small and hasn’t spread

(in place). In stages 2 and 3, the tumor is bigger and may have spread to nearby tissues or

lymph nodes. Stage 4 means that the cancer has spread to other parts of the body [2, 3].

Based on the stage, doctors recommend appropriate treatments, which may include surgery,

chemotherapy, radiation therapy, immunotherapy, virotherapy, or other options. In some

situations, a combination of treatments is used for example, one to shrink the tumor and

another to remove it.

Cancer is treated using various standard therapies, including surgery, chemotherapy, ra-

diation therapy [4], virotherapy [5], hormonal therapy [6], and immunotherapy [7]. Surgery

is often the primary approach, but additional treatments are commonly needed to reduce

recurrence risk. In cases where tumors are large or in sensitive areas like the face or eyelids,

extensive tissue removal may be required, leading to complications. Radiation is frequently
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used post-surgery for inoperable or large tumors, though it may not always improve sur-

vival [8]. Chemotherapy remains widely used but can damage healthy cells, causing side

effects and potential recurrence [9]. These limitations have led to growing interest in im-

munotherapy, which enhances the immune system’s ability to fight cancer [10, 11].

The Tumor Immuno-Surveillance Hypothesis, originally proposed in 1957, suggests

that the immune system continuously monitors the body for emerging tumor cells and elim-

inates them before they can develop into detectable cancers. Some tumors express unique

antigens that can be recognized by immune cells. Supporting this idea, modern mathemati-

cal models of tumor–immune interactions build on this concept to explore how the immune

system controls tumor growth and how tumors may escape [12]. Immunotherapy mainly

activates CD8+ T cells, NK cells, and macrophages [13], with studies confirming their po-

tency in killing cancer cells [14, 15]. However, the evolving complexity of tumor–immune

interactions within the tumor microenvironment presents challenges in designing effective

immunotherapies.

Immunotherapy helps the body’s immune system find and attack cancer cells in two

main ways: passive and active. Passive immunotherapy gives the body parts of the immune

system directly, like special antibodies and changed T cells called CAR-T cells. Active

immunotherapy helps the immune system get stronger to fight cancer by using cancer vac-

cines, proteins called cytokines, and cell therapies [16]. We can now better understand the

human immune system’s complexity using deep learning, probability models, and a mix

of different methods, along with powerful computers to run detailed biological simulations

[17].

The immune system acts like the body’s defense team, protecting it from infections and

diseases. The immune system starts with special cells made in the bone marrow through

a process called hematopoiesis. These cells have two main types: myeloid and lymphoid.

Myeloid cells include neutrophils, monocytes, macrophages, and dendritic cells, which

help fight infections and clean the body [18, 19]. Lymphoid cells include B cells, T cells,
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and natural killer (NK) cells, which are part of the body’s targeted defense system. Each

type of cell has a unique role, working together to protect the body in a well-organized way

[20].

T cells are one of the two primary types of lymphocytes (a type of white blood cell)

that play a key role in the immune system. They can be categorized into two main types

of effector cells: helper T cells and cytotoxic T cells. Helper T cells are one of the two

main types of T cells in the human immune system. Both helper and cytotoxic T cells

come from stem cells in the bone marrow and grow to maturity in the thymus. The main

difference between them is the type of receptors found on their surfaces. As T cells grow in

the thymus, they develop special receptors on their surface called T Cell Receptors (TCRs)

along with co-receptors named CD4 (T helper) and CD8 (T-killer). All T cells have TCRs,

but only helper T cells have CD4, and only cytotoxic T cells have CD8. That’s why helper

T cells are also called CD4+T cells [21].

CD4+ T Cell Cytotoxic T Cell

T cell receptor 
to connect with 
MHC class II

T cell receptor 
to connect with 

MHC class I

T Cell

CD4 CD8

Figure 3.1: Different functions between helper T cells and cytotoxic T cells (CD4+ and
CD8+).

A newly grown T cell is called a naı̈ve T cell until it meets an antigen and becomes
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active. The T cell has a special receptor (TCR) that recognizes only one kind of antigen,

but it cannot bind to antigens directly. Instead, it recognizes antigens only when they are

attached to certain molecules called Major Histocompatibility Complex (MHC) Class I

and Class II [22] (see Figure 3.1). MHC class I molecules show pieces of proteins from

inside the cell, including those from viruses [23]. MHC class II molecules display protein

pieces from outside germs. These are taken in, broken down, and shown on the cell surface

to CD4+ T cells, helping trigger the immune response and support antibody production

[24, 25].

Helper T-Cell

Cytokine 

T-Cell 
Activiation

Cytotoxic T-Cell 
Replication

Infected Cell

Infected Cell Destruction

Antigen 
Presenting Cell

Granzyme

Perforin

Apoptotic 
Bodies

Figure 3.2: Helper T cell activation and its role in immunity [26].

Helper T cells are very important in the adaptive immune system and are needed for

most immune responses. They do not produce toxins or antibodies, nor do they attack

germs directly. Instead, they help by releasing signals called cytokines, which activate
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other immune cells and guide the body’s defense against infections. The cytokines made

by helper T cells also help activate cytotoxic T cells and phagocytes like macrophages.

Phagocytes eat and remove infected cells, while cytotoxic T cells release substances to kill

harmful cells. By activating these cells, helper T cells play an important role in guiding the

immune system to fight infections [27], see the illustration given in Figure 3.2.

Cancer vaccines stimulate the body’s immune system by boosting the activity of cy-

totoxic T lymphocytes against tumor-specific antigens. Meanwhile, immune signaling is

controlled by cytokines such as interleukin-2 (IL-2) and interferon-α (IFN-α). These are

the only cytokines which are approved by the U.S. Food and Drug Administration (FDA)

for cancer therapy, as they have shown reasonable medical efficacy [28]. IL-2 stimulates

natural killer (NK) and T cells to target tumors, while IFN-α triggers a comparable im-

mune response, although it does not provide the same prolonged survival advantages as

IL-2 [16, 29–31].

Mathematical models, especially systems of ordinary differential equations (ODEs), are

widely used to study tumor–immune dynamics [32–35]. Studies show that immunotherapy

alone often cannot eliminate tumors but can delay recurrence [35, 36]. Due to cancer’s com-

plexity and variability, immunotherapy is sensitive to initial conditions and typically used

alongside other treatments. Modeling helps clarify interactions within the tumor microenvi-

ronment and predict treatment outcomes [37–40]. As cancer biology evolves, mathematical

tools play a growing role in analyzing tumor growth and immune responses, highlighting

the importance of both adaptive and innate immunity in cancer control [41].

In the following, we provide an overview of one of the mathematical models related to

tumor–immune dynamics. Around 2000, Kirschner and Panetta [42] developed a simple
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3-dimensional ODE model, described by

dE
dt
= cT − µ2E +

p1EIL

g1 + IL
+ s1,

dT
dt
= r2T (1 − bT ) −

aET
g2 + T

,

dIL

dt
=

p2ET
g3 + T

− µ3IL + s2,

(3.1)

to investigate the tumor-immune interactions, which incorporates three key state variables:

effector immune cells (E), which include CD8+ T cells, macrophages, or NK cells; tumor

cells (T); and the cytokine IL-2 (IL), which plays a role in activating immune cells. The

system of equations used in the model captures the dynamics between these variables, il-

lustrating how they influence each other in the context of immune response to tumors. Note

that the parameters s1 and s2 can be either zero or positive, while all other parameters are

positive. The tumor follows logistic growth in the absence of an immune response, while

its elimination by effector cells is governed by Michaelis-Menten kinetics. Effector cell and

IL-2 production also follow similar kinetics, combining external treatments s1 and s2. Us-

ing tumor antigenicity as a bifurcation parameter, the study presented in [42] investigated

the dynamics of tumor-immune interactions by analyzing a one-parameter bifurcation dia-

gram under the assumption s1 = s2 = 0, highlighting the role of antigenicity. The model

was then extended to explore various treatment strategies, specifically involving effector

cell therapy (s1 > 0, s2 = 0), and cytokine therapy (s1 = 0 and s2 > 0), or both (s1 > 0 and

s2 > 0). Kirschner and Panetta [42] conclude that the immune response to tumors is signifi-

cantly influenced by the level of tumor antigenicity and the presence of immunomodulatory

treatments. Tumors with low recognition tend to escape immune attack, while highly rec-

ognizable ones may shrink but not disappear. Some tumors show cycles of growth and

dormancy. Among treatments, adoptive cellular immunotherapy (ACI) works well, while

IL-2 alone has limited success and can cause side effects at high doses. However, combin-

ing ACI with IL-2 is the most effective approach, demonstrating that enhancing the immune
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system can be crucial in cancer treatment.

As discussed below, our model is based on different assumptions than earlier studies.

In the model by [42], tumor clearance is primarily driven by cytotoxic effector cells. In

contrast, our model (3.2) attributes tumor control mainly to cytokines, with CD4+ T cells

acting as effectors instead of CD8+ T cells. Although CD4+ T cells do not directly kill

tumor cells, they secrete cytokines that suppress tumor growth. Model (3.2) explores in-

teractions among tumor cells, CD4+ T cells, and cytokines, focusing on the role of CD4+

T cells in promoting tumor regression or dormancy. Consistent with [43], our results show

that tumor cells persist without treatment, though CD4+ T cells help slow their growth.

Simulations indicate that high-dose cytokine therapy can eradicate tumors, whereas low

doses may not. Furthermore, CD4+ T cells are more effective than low-dose cytokine treat-

ment alone, though both are effective when cytokines are administered at high levels.

This paper presents a mathematical model that explains how the immune system works,

especially on its role in treatment strategies in cancer treatment. The remainder of the paper

is organized as follows. Section 3.2, develops the mathematical framework of the system.

Section 3.3 focuses on the model’s solutions and key properties. In Section 3.4, under

cytokine treatment, we conduct a detailed analysis of equilibrium solutions, stability, and

bifurcation behaviors (Section 3.4.1) and limit cycle bifurcations and their stability (Section

3.4.2). Section 3.5 investigates treatment with CD4+ T cells and bifurcation of multiple

limit cycles (Section 3.5.2). Section 3.6 considers combination therapy involving both

CD4+ T cells and cytokines. Finally, Section 3.7 summarizes the main findings, discusses

their potential implications, and presents the conclusion.
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3.2 Mathematical Modeling

Consider the following model developed by Anderson [15], described by the system of

ODEs:
dx
dt
= rx

(
1 −

x
K

)
−
δxz

m + x
,

dy
dt
=
βxy

k + x
− ay + I1,

dz
dt
=
αxy

b + x
− µz + I2,

(3.2)

where x, y and z represent the densities of the tumor cells, CD4+ T cells, and antitumor

cytokines, respectively. The tumor cells exhibit a logistic growth, and the interactions

among the variables are modelled using Michaelis-Menten kinetics, each governed by dis-

tinct half-saturation constants. This formulation captures regulated tumor growth, along

with constrained CD4+ T cell and cytokine production as influenced by tumor presence.

All parameters r, K, m, a, b, k, µ, β, δ and α are assumed to be positive constants.

The term rx(1 − x
K ) models per capita growth rate of tumor cells and δxz

m+x represents their

reduction due to cytokine activity. The recruitment of CD4+ T cells through interaction

with tumor cells is represented by βxy
k+x , and their natural decay is modeled by ay. Cytokine

production driven by CD4+ T cells is given by αxy
b+x , and their degradation is represented

by µz. Immunotherapy is incorporated through the time-dependent input functions I1 ≥ 0

and I2 ≥ 0, where I1(t) models CD4+ T cell therapy and I2(t) represents cytokine-based

treatment. A comprehensive list of the model parameters, including their biological inter-

pretations and units, is given in Table 3.1 of [15]. All population densities are measured

per unit volume, and time is measured in days.

We non-dimensionalize the model by introducing the following substitutions:

x = KX, y =
Kr2

αδ
Y, z =

Kr
δ

Z, t =
1
r
τ,
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Table 3.1: Parameters used in system (3.2).

Parameter Biological meaning Unit
m half-saturation constant of the tumor-killing rate cm3

β Maximum CD4+ T cells production rate day−1

k half-saturation constant of the CD4+ T cells production rate cm3

a death rate of the CD4+ T cells day−1

b half-saturation constant of the cytokine production rate cm3

µ cytokine loss rate day−1

r growth rate of the tumor day−1

K carrying capacity of the tumor cm3

δ maximum tumor killing rate by cytokine day−1

α maximum production rate of cytokine day−1

I1 treatment by CD4+ T cells cm3day−1

I2 treatment by Cytokine cm3day−1

which yield the following dimensionless model:

dX
dτ
= X

(
1 − X −

Z
A + X

)
,

dY
dτ
= Y

( BX
C + X

− D
)
+G1,

dZ
dτ
=

XY
E + X

− FZ +G2,

(3.3)

with positive initial conditions:

X(0) = X0 ≥ 0, Y(0) = Y0 ≥ 0, Z(0) = Z0 ≥ 0. (3.4)

The new parameters in system (3.3) are defined as

A =
m
K
, B =

β

r
, C =

k
K
, D =

a
r
,

E =
b
K
, F =

µ

r
, G1 =

I1αδ
2

r3K2 G2 =
I2

r
.

(3.5)

In this study, we consider the dynamics of the dimensionless model (3.3) within the full

six-dimensional parameter space (A, B,C,D, E, F), with a particular emphasis on scenarios
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involving treatment, i.e., when G1(τ) , 0 and G2(τ) , 0. Using Hopf bifurcation the-

ory, we establish the existence of both single and multiple limit cycles, which give rise to

various types of bistable behavior. The newly introduced parameters and their biological

interpretations are summarized in Table 3.2.

Table 3.2: Parameters used in system (3.3) [15].

Parameter Biological meaning Value
A Half-saturation constant of the tumor-killing rate 0.1
B Maximum CD4+ T cells production rate 6
C Half-saturation constant of the CD4+ T cells production rate 1
D Death rate of the CD4+ T cells 3
E Half-saturation constant of the cytokine production rate 0.1
F Cytokine loss rate 5000

3.3 Solution Properties of Model (3.3)

To begin, we investigate the properties of solutions to the model (3.3), and establish the

following result:

Theorem 3.3.1 The solutions of the model (3.3) remain positive and bounded provided

that the initial condition is positive.

Proof We start by examining the well-posedness of the solutions to model (3.3). By the

fundamental theory of ODEs the (3.3) admits a unique solution for any given set of initial

conditions (3.4). Moreover, it is easy to verify that the solutions remain positive for all

time, provided that the initial conditions are positive. Applying the method of variation of

parameters, we obtain the explicit solutions to system (3.3) as follows:

X(τ) = X(0) e
∫ τ

0 [1−X(s)− Z(s)
A+X(s) ] ds,

Y(τ) = Y(0) e
∫ τ

0 [ BX(s)
C+X(s)−D] ds +G1

∫ τ
0

e
∫ τ

s [ BX(u)
C+X(u)−D] duds,

Z(τ) = e−Fτ

[
Z(0) +

∫ τ

0

X(s)Y(s)
E + X(s)

eFs ds
]
+G2

∫ τ
0

e
∫ τ

s [ X(u)Y(u)
E+X(u) ]eFu duds.
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It is obvious that X(τ) and Y(τ) are positive for τ > 0, provided that X(0) and Y(0) are

positive. Then, Z(τ) > 0 for τ > 0 due to X(τ) > 0 and Y(τ) > 0.

Proving the boundedness of solutions is less straightforward and requires a comparison

argument. From the first equation in system (3.3), we observe that the variable X(τ) satisfies

the differential inequality:
dX
dτ
≤ X(1 − X).

The solution to this auxiliary inequality is well known to be bounded and, in fact, converges

to the equilibrium point X = 1. Therefore, X(τ) is bounded for all τ > 0.

To show that Y(τ) and Z(τ) are also bounded, we proceed by contradiction. First, as-

sume that Z(τ) is unbounded. Then, from the X-equation in model (3.3), it follows that

limτ→∞ X(τ) = 0, due to the unbounded negative influence from the Z-dependent term.

Substituting this into the Y-equation yields the limiting form,

dY
dτ
= −DY +G1,

which implies that limτ→∞ Y(τ) = G1
D . Now consider the Z-equation under the assumption

that X(τ) approaches zero and Y(τ) remains bounded. In this case, the equation reduces

asymptotically to
dZ
dτ
= −FZ +G2,

indicating that limτ→∞ Z(τ) = G2
F , a contradiction to the assumption that Z(τ) is unbounded.

Therefore, Z(τ) must be bounded.

Similarly, assume that Y(τ) is unbounded. From the structure of the Z-equation, this

would imply that Z(τ) becomes unbounded as well (since Z depends on the product XY),

which in turn forces X(τ)→ 0, as previously argued. Substituting limτ→∞ X(τ) = 0 into the

Y-equation again gives
dY
dτ
= −DY +G1,
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implying that Y(τ) tends to the finite steady-state value G1
D , which contradicts the assump-

tion that Y(τ) is unbounded. Hence, both Y(τ) and Z(τ) are bounded for all τ > 0.

From these arguments, it follows that all solutions of system (3.3) remain positive and

bounded for all τ > 0, and the system admits a positively invariant, bounded region.

In the subsequent sections, we investigate the impact of immunotherapy on tumor re-

gression through a series of targeted analyses. We begin by exploring the role of cytokine

therapy in modulating tumor dynamics. This is followed by an examination of limit cycle

bifurcations and an assessment of their stability. We then analyze the effects of treatments

involving CD4+ T cells and explore the emergence and stability of multiple limit cycles.

Finally, we study the combined effects of cytokine therapy and CD4+ T cell treatment, with

particular emphasis on the efficacy of polytherapy.

3.4 Treatment with Cytokine (G1 = 0, G2 > 0).

The dynamics of the tumor, CD4+ T and cytokines, including the impact of cytokine treat-

ment, are described by the following system, based on model (3.3):

dX
dτ
= X

(
1 − X −

Z
A + X

)
,

dY
dτ
= Y

( BX
C + X

− D
)
,

dZ
dτ
=

XY
E + X

− FZ +G2,

(3.6)

where G2 > 0 denotes that immunotherapy involves the constant administration of cytokine

at rate G2 per unit time to the tumor site. By setting dX
dτ =

dY
dτ =

dZ
dτ = 0, the equilibrium
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solutions are obtained as follows:

E0 = (0, 0,
G2

F
),

E1 =
(
X1, 0,

G2

F

)
, or E1± =

(
X1±, 0,

G2

F

)
, with X1± =

1
2

(
1 − A ±

√
∆1

)
,

E2 =

( CD
B − D

,
[E(B − D) +CD](G2t −G2)

CD
,

[B − D(1 +C)][A(B − D) +CD]
(B − D)2

)
,

(3.7)

where E0 and E1 (or E1±) represent boundary equilibria, while E2 is the interior (positive)

equilibrium. Note that E1 may include two solutions, with X1 = X1±.

For convenience, define the following auxiliary quantities:

R0 =
FA
G2
,

Ct =
1

2D
(B − D)

(
1 − A +

√
∆1

)
,

G2t =
F
[
B − D(C + 1)

][
A(B − D) + DC

]
(B − D)2 ,

∆1 = (1 + A)2 −
4G2

F
,

(3.8)

where the quantity R0 is called a basic reproduction number because it determines the

growth of the tumor cell population X near the tumor-free equilibrium E0 = (0, 0, G2
F ). If

R0 > 1, X grows, indicating that small tumor perturbations can expand; if R0 < 1, X decays,

so the tumor-free state remains stable. Thus, R0 acts as a threshold parameter controlling

the stability of E0.

3.4.1 Stability and bifurcation analysis

We now present two theorems: one regarding the existence of the equilibria, and the other

addressing the stability of the boundary equilibria E0 and E1. The stability of E2 and the

occurrence of Hopf bifurcation will also be discussed in the second theorem.
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Theorem 3.4.1 The existence conditions for the equilibrium solutions of system (3.6) are

given below.

1. The boundary equilibrium E0 exists for all positive parameter values.

2. For the boundary equilibrium E1, three cases arise:

(a) If A>0 and G2<AF, there exists one equilibrium, E1 =
(1

2 (1−A+
√
∆1), 0, G2

F

)
.

(b) If A<1 and G2=AF, there is one equilibrium E1 =
(
1−A, 0, G2

F

)
.

(c) If A<1 and AF<G2<
(A+1)2F

4 , then two equilibria E1± exist.

3. The interior (endemic) equilibrium E2 exists if and only if B>D(1+C) and G2<G2t.

Proof The existence of E0 is immediate since it requires only positive parameter values.

To analyze the equilibrium E1, we set Y1 = 0 and Z1 =
G2
F , and solve the steady-state

condition for X1:

F1(X1) = X2
1 − (1 − A)X1 +

G2

F
− A = 0. (3.9)

This is a quadratic equation. A positive root X1 = X1+ always exists when G2 < AF. When

G2 = AF, a single positive root X1 = 1 − A exists if A < 1. If G2 > AF and ∆1 > 0, two

positive roots exist provided A < 1. These correspond to the boundary equilibria E1 or E1±.

For the interior equilibrium E2, setting dX
dτ = 0 yields Z2 = (1 − X2)(A + X2) > 0, which

implies X2 < 1. Next, setting dY
dτ = 0 gives X2 =

CD
B−D , which requires B > D(1 + C) for

positivity.

Substituting X2 =
CD
B−D into the steady-state equation for Z, we obtain

Y2 =
(E + X2)(FZ2 −G2)

X2
=

[E(B − D) +CD](G2t −G2)
CD

,

so Y2 > 0 requires G2 < G2t (i.e., C < Ct).



Chapter 3 – Dynamical Analysis of a Tumor Model with Immunotherapy Treatment 68

Finally, substituting X2 into the expression for Z2 yields

Z2 = (1 − X2)(A + X2) =
[B − D(1 +C)][A(B − D) +CD]

(B − D)2 ,

which is positive when B > D(1 +C).

Theorem 3.4.2 The stability conditions for the equilibrium solutions of system (3.6) are

given as follows:

1. The boundary equilibrium E0 is locally asymptotically stable (LAS ) for R0 < 1, and

unstable for R0 > 1.

2. The boundary equilibrium E1− is unstable (a saddle). A transcritical bifurcation

occurs at R0 = 1 (i.e., at G2 = FA) between E0 and E1−.

3. When G2 ≤ FA, (i.e.,R0 ≥ 1), the boundary equilibrium E1+ is LAS for C > Ct, and

unstable for C < Ct. Note that A < 1 if G2 = FA.

4. Further details about E1+ are as follows:

(a) If A < 1 and AF < G2 <
1
4 F(1 + A)2, then E1+ is LAS for C > Ct, and unstable

for C < Ct.

(b) A transcritical bifurcation occurs between E1+ and E2 at the critical point C =

Ct, which is equivalent to G2 = G2t.

(c) No Hopf bifurcation can occur from the equilibrium E1+.

5. A Hopf bifurcation can occur from the interior equilibrium E2 at the critical point

G2 = G2H when F is sufficiently large. (An explicit expression for G2H is given in the

proof ).

6. System (3.6) does not exhibit a Bogdanov-Takens (B-T ) bifurcation (A Bogdanov–

Takens (B–T) bifurcation occurs when an equilibrium point of a dynamical system
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has a double zero eigenvalue and satisfies certain non-degeneracy conditions. It is a

codimension-2 bifurcation, meaning that two parameters must be varied simultane-

ously to observe it. Near a B–T point, the system can exhibit saddle-node, Hopf, and

homoclinic bifurcations, all emerging from the same critical equilibrium.)

Proof The stability of equilibrium solutions is determined from the Jacobian matrix of

(3.6), given by

J(X,Y,Z) =



(1−2X)A2−(4X2−2X +Z)A−2X3+X2

(A+ X)2 0 −
X

A+X

BCY
(C+X)2

BX
C+X

−D 0

EY
(E+X)2

X
E+X

−F


. (3.10)

Evaluating the Jacobian at E0 and E1, we obtain

J(E0) =



1 −
G2

FA
0 0

0 −D 0

0 0 −F


,

and

J(E1) =



X1(1 − A − 2X1)
A + X1

0 −
X1

A + X1

0
(B − D)X1 −CD

C + X1
0

0
X1

E + X1
−F


.

Since these matrices are triangular, their eigenvalues lie on the diagonal. Therefore, E0 is

LAS if 1 − G2
FA (i.e., R0 < 1), and unstable otherwise.
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To analyze E1, note that

X1− =
1
2

(
1 − A −

√
∆1

)
=⇒ 1 − A − 2X1− =

1
2

(
1 − A +

√
∆1

)
> 0 for A < 1.

This implies that E1− is unstable when it exists (A < 1, AF < G2 <
1
4 F(1 + A)2). At

G2 = AF, X1− = 0 and one eigenvalue of JE1 is zero, indicating a transcritical bifurcation at

G2 = AF. However, both E0 and E1− are unstable near this point, so the bifurcation occurs

on a submanifold.

Next, consider E1+. Three cases arise.

(a) G2 < AF and A > 0:

1 − A − 2X1+ = −
1
2
[ √
∆1 − (1 − A)

]
= −

2(A − G2
F )

√
∆1 + 1 − A

< 0,

regardless whether A ≥ 1 or A < 1. So the sign of the second eigenvalue, (B −

D)X1+ − CD, determines the stability. Setting this equal zero defines a critical value

C = Ct. Then,

• E1+ is LAS if C > Ct, unstable if C < Ct.

• At C = Ct (i.e., G2 = G2t), a transcritical bifurcation occurs between E1+ and

E2.

Indeed, at this critical point,

X1+ =
1
2
(
1 − A +

√
∆1

)
=

1
2D (B − D)(1 − A +

√
∆1)D

B − D
=

CtD
B − D

= X2.

(b) G2 = AF and A < 1: The characteristic polynomial is

PE1+(λ) = (λ + F)
(
λ + (1 − A)2) (λ + CD − (1 − A)(B − D)

C + 1 − A

)
,
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which implies that E1+ is

• LAS if C > (1 − A)
( B

D − 1
)
,

• unstable otherwise, with a transcritical bifurcation at C = (1 − A)
( B

D − 1
)
.

(c) AF < G2 <
1
4 F(1 + A)2 and A < 1: Same conclusion as in (a):

• E1+ is LAS if C > Ct, unstable if C < Ct.

• A trascritical bifurcation occurs at C = Ct.

Thus, no Hopf bifurcation arises from E1. The bifurcation diagram is shown in Figure 3.3.

Now, consider the interior equilibrium E2. Evaluating the Jacobian at E2, we obtain

J(E2) =



−
C[(−A+ 2C+ 1)D + B(A −1)]D

(B − D)[(C − A)D + AB]
0 −

CD
(C − A)D + AB

−
[(C − E)D + EB](G2 −G2t)(B − D)2

C2BD
0 0

−
(G2 −G2t)(B − D)2E
[(C − E)D + EB]CD

CD
(C − E)D + EB

−F


,

(3.11)

which has the characteristic polynomial,

PE2(λ) = λ
3 + a1λ

2 + a2λ + a3,

where

a1 =
F(B − D)[A(B − D) +CD] +CD[2CD − (1 − A)(B − D)]

(B − D)[A(B − D) +CD]
,

a2 =
CDF(B − D)3[E(B − D) +CD][2CD − (1 − A)(B − D)] + E(B − D)3(G2t −G2)

(B − D)[A(B − D) +CD][E(B − D) +CD]
,

a3 =
D(B − D)2(G2t −G2)
B[A(B − D) +CD]

.

(3.12)

For A < 1, system (3.6) exhibits bistability, where the tumor-free equilibrium E0 and
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••

•

X

G2

1

0

X1+

E2

G2tG2H AF

E0

CD
B−D

(a)

••

•

X

G2

1

0

X1+

E2

G2tG2H AF

E0

CD
B−D

(b)

••

•

G2

X

E1

E2

E0

G2tG2H AF

X1+

CD
B−D

1

0

(c)

Figure 3.3: Bifurcation diagram of system (3.6) for (a) A < 1, (b) A = 1, and (c) A ≥ 1,
projected on the G2-X plane, showing the equilibria E0, E1 and E2, marked by red, brown
and blue colors, respectively. Solid and dotted lines/curves denote stable and unstable
equilibria, respectively.

the tumor-present equilibrium E2 are both stable, separated by an unstable saddle E1. The

long-term outcome depends on the initial tumor load X(0): if X(0) < X1, the tumor is

eradicated (E0); if X(0) > X1, the tumor persists (E2). Biologically, cytokine treatment (G2)
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must exceed a critical threshold G2H for tumor elimination, illustrating threshold-dependent

therapeutic success.

Since the existence of E2 requires B > D(1 + C) and G2 < G2t (i.e., C < Ct), we have

a3 > 0. At the critical point G2 = G2t (equivalently, C = Ct), a3 = 0. In this case, the

condition 2CtD − (1 − A)(B − D) = (B − D)
√
∆1 > 0 guarantees that a1 > 0 and a2 > 0.

The absence of a double zero eigenvalue at E2 = E1+ confirms that no Bogdanov–Takens

bifurcation occurs in system (3.6).

Furthermore, it can be shown that at the critical point G2 = G2t (or C = Ct),

X2 =
CtD

B − D
=

1
2
(
1 − A +

√
∆1

)
= X1+, Y2 =

[E(B − D) +CD](G2t −G2)
CD

= 0,

Z2 =
(B − D −CtD)[A(B − D) +CtD]

(B − D)2 = A +
1
4
(
1 − A −

√
∆1

)(
1 − A +

√
∆1

)
=

G2

F
,

which confirms that a transcritical bifurcation occurs between E1+ and E2 at G2 = G2t.

To determine whether Hopf bifurcation occurs at E2, which exists for B > D(1 + C)

and G2 < G2t (i.e., C < Ct), we analyze the Routh-Hurwitz determinant ∆2 = a1a2 − a3. To

simplify the analysis, let

G2 = G2t − h, (0 < h < G2t).

Then we have

a1 =
F(B − D)[A(B − D) +CD] +CD[2CD − (1 − A)(B − D)]

(B − D)[A(B − D) +CD]
,

a2 =
CDF[E(B − D) +CD][2CD − (1 − A)(B − D)] + E(B − D)3 h

(B − D)[A(B − D) +CD][E(B − D) +CD]
,

a3 =
D(B − D)2 h

B[A(B − D) +CD]
,

which clearly shows that a3 > 0 for h > 0. Moreover, a1 > 0 and a2 > 0 for h > 0 and

max{0, (1−A)(B−D)
2D } < C < Ct.
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Let

∆2 =
∆2a

2B(B − D)2[A(B − D) +CD]2[E(B − D) +CD]
,

where

∆2a = M0 + M1 h,

with

M0 = BCDF
[
E(B − D) +CD

][
(A − 1)(B − D) + 2CD

]
×
{[

(A − 1)(B − D) + 2CD
][

F(B − D) + 2CD
]
+ F(B − D)2(1 + A)

}
M1 = 2(B − D)3{E[

(B − D)
(
A(B − D) +CD

)(
B(F − D) + D2)

+BCD
(
(A − 1)(B − D) + 2CD

)]
− D2C(B − D)[A(B − D) +CD]

}
.

Consider the condition ∆2 = 0 for B > D(1 + C), which can be rewritten as B > D and

C < B
D − 1 to get the following conditions:

B > D, max
{

0,
(1 − A)(B − D)

2D

}
< C < min

{
Ct,

B
D
− 1

}
= Ct, (3.13)

where the condition G2 < G2t has been replaced by C < Ct. To investigate the possibility of

a Hopf bifurcation at E2, we require a positive solution for h from the equation M0+M1 h =

0. Define the Hopf bifurcation point as

hH = −
M0

M1
, with 0 < hH < G2t.

Under condition (3.13), it is seen that M0 > 0. Thus, a Hopf bifurcation requires M1 < 0.

The bracketed term in M1 must be positive, which is linear expression in E with a positive

coefficient if F > D, a condition typically satisfied in applications where F is large. Hence,
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define the critical value,

Ec =
D2C(B − D)[A(B − D) +CD]

(B − D)
[
A(B − D) +CD

][
B(F − D) + D2] + BCD

[
(A − 1)(B − D) + 2CD

] . (3.14)

Then, M1 < 0 for E < Ec. Moreover, we must ensure hH < G2t, leading to

hH −G2t = E N1 − 2CD2N2,

where

N1 = (B − D)
{
BCD

[
(A − 1)(B − D) + 2CD

]
×
[(

(A − 1)(B − D) + 2CD
)(

F(B − D) + 2CD
)

+F(B − D)2(1 + A) + 2
(
B − D(1 +C)

)(
A(B − D) +CD

)]
+2(B−D)

[
B−D(1+C)

][
A(B−D)+CD

][
A(B−D)+CD

][
B(F−D)+D2]},

N2 =−FCB(B − D)
[
A(B − D) +CD

][
(A − 1)(B − D) + 2CD

]
+

1
8

(B − D)5(1 + A)3 +
[
(A − 1)(B − D) + 2CD

]
N3,

N3 =−2BD2 C3 +
1
2

D(B − D)
[
2(1 − A)B − (B − D)D

]
C2

+
1
4

D(B − D)3(1 − 3A) C +
1
8

(B − D)4[1 + A(4 − A)
]
.

It is evident that N1 < 0. Therefore, hH−G2t < 0 yields the condition: 0 < E < E∗ = 2CD2N2
N1

,

which in turn requires N2 > 0. This can be achieved by imposing the condition F < Fc,

where

Fc =

1
8 (B − D)5(1 + A)3 +

[
(A − 1)(B − D) + 2CD

]
N3

CB(B − D)
[
A(B − D) +CD

][
(A − 1)(B − D) + 2CD

, (3.15)

provided N3 > 0. To ensure N3 > 0, assume

A < min
{

1
3
, 1 −

D(B − D)
2B

}
,
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along with 2B > BD+D2, which holds for B > D if D ≤ 2, or D < B < D2

D−2 if D > 2. With

these, all terms in N3 except the first are positive. Since N3(C) is a cubic polynomial in C,

it satisfies the following properties:

lim
C→−∞

N3 = +∞,

N3(0) =
1
8

(B − D)4[(1 + A(4 − A)
]
> 0

dN3

dC

∣∣∣∣∣
C=0
=

1
4

D(B − D)3(1 − 3A) > 0,

N3

(
(1 − A)(B − D)

2D

)
=

1
8

(B − D)4(1 + A)2 > 0

N3

( B
D
− 1

)
= −

1
8D

(B − D)3(1 + A)
[
(A + 1)D(B − D) + 8B

]
< 0,

lim
C→+∞

N3 = −∞.

These properties imply that N3 has one local minimum for C < 0 and one local maximum

for C > 0, and thus a unique positive root C = C∗ ∈
(
0, B

D − 1
)
. Since Ct is the upper bound

ensuring Y2 > 0, it follows that C∗ < Ct.

Summarizing the above discussions, we conclude that Hopf bifurcation at E2 occurs

when

B > D if D ≤ 2, or 2 < D < B <
D2

D − 2
,

A < min
{

1
3
, 1 −

D(B − D)
2B

}
,

(1 − A)(B − D)
2D

< C < C∗ =
2CD2N2

N1
,

F < Fc, E < E∗.

(3.16)
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Finally, we prove that E∗ < Ec by computing

hH −G2t|E=Ec
= EcN2 − 2CD2N2

=
C2D2B2[(A−1)(B−D)+2CD]{[(A−1)(B−D)+2CD][F(B−D)+2CD]+F(B−D)2(1+A)}2

[(A−1)(B−D)+2CD][(B−D)(B(F−D)+D2)+2CBD]+(A+1)(B−D)2[B(F−D)+D2]

> 0,

which confirms that EN2 − 2CD2N2 = 0 has a unique positive solution E = E∗ ∈ (0, Ec).

Thus, hH < G2t for all E < E∗. Returning to the original bifurcation parameter G2, define

the Hopf critical point as

G2H = G2t − hH.

Therefore, a Hopf bifurcation arises from E2 at G2 = G2H under the conditions specified in

(3.16).

The proof of Theorem 3.4.2 is complete.

3.4.2 Limit cycle bifurcation and its stability

Once the Hopf bifurcation point is identified, where a set of limit cycles (isolated periodic

motions) emerges, the next step is to determine the stability of these bifurcating limit cycles.

While numerical simulations can provide insight into stability, they do not yield analytical

expressions that describe how the stability depends on changes in parameters.

In planar dynamical systems, it is well established that the stability of limit cycles

is determined by the sign of the first-order focus value, which can be computed using

a relatively straightforward formula involving second- and third-order derivatives of the

vector field at the Hopf critical point. However, for higher-dimensional systems, these

analytical expressions become significantly more complex, often requiring the reduction

of the system to its center manifold. As a result, symbolic computation tools such as

Maple are commonly used to calculate the first-order focus value. Among the various

available methods, the normal form method is particularly efficient for computing focus
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values, especially in higher-dimensional systems and for obtaining higher-order values.

We employ normal form theory in conjunction with the Maple program developed in

[44] to analyze the Hopf bifurcation in system (3.6). The normal form of the Hopf bifurca-

tion, capturing dynamics on the two-dimensional center manifold near the critical point, is

given in polar coordinates as

dr
dτ
= r(v0µ + v1r2 + v2r4 + · · · ),

dθ
dτ
= ωc + t0µ + t1r2 + t2r4 + · · ·

where µ = G2−G2H, and r and θ represent the amplitude and phase of motion, respectively.

The coefficient vk is the kth-order focus value, which governs the stability of the bifurcating

limit cycles. If v1 < 0, the Hopf bifurcation is supercritical and the resulting limit cycles

are stable; if v1 > 0, the Hopf bifurcation is subcritical and the limit cycles are unstable.

We have established that system (3.6) always undergoes a Hopf bifurcation, leading to

emergence of limit cycles. In this paper, we focus on the case of a single limit cycle and

leave the analysis of multiple limit cycles to future work.

To identify the Hopf bifurcation point, G2 = G2H, we apply the formulas given in (3.25).

We fix the parameter values as follows:

• B = 6 and D = 3;

• Based on the condition A < 1 − (B−D)D
2B = 1

4 , we set A = 1
10 ;

• From (1−A)(B−D)
2D = 9

20 < C < C∗ = 0.622346 . . ., we choose C = 1
2 ;

• Calculating Fc =
107
12 , we set F = 6 < Fc;

• Then, with E < E∗ = 35
806 , we choose E = 1

30 .

Thus, the critical Hopf value is G2H =
183

1075 , and the full parameter set is:

A =
1

10
, B = 6, C =

1
2
, D = 3, E =

1
30
, F = 6. (3.17)
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The numerical coefficients in the transformation matrix come directly from evaluating the

Jacobian matrix of system (3.6) at the Hopf equilibrium point E2, using the chosen param-

eter set in (3.17). In other words, these numbers are obtained by linearizing the system at

the equilibrium, computing the eigenvectors, and normalizing them to construct the coor-

dinate change that reduces the system to its canonical Hopf form. To apply normal form

theory to compute the first-order focus value (also known as the first Lyapunov constant),

we introduce the affine transformation,



X

Y

Z


=



1
2

9344
5375

3
10


+



−
2150

20951
ωc

5
36

−ωc
64
√

215
1435

−
128

1075

1 0 1





u

v

w


, (3.18)

where ωc =
96
√

215
5375 , into system (3.6), yielding a system,

du
dτ
= 1

125(5329
√

215+5400ωc)

{
219(8− 32250u

20951 +
21600

√
215v

20951 + 25w
12 )(1− 2150u

20951+
1440

√
215v

20951 +
5w
36 )

×
[
10(−2150u

20951 +
1440

√
215v

20951 + 5w
36 )2 + 207360u

20951 +
1440

√
215v

20951 + 365w
36

]
· · ·

}
,

dv
dτ
=

1
ωc

{
−73

86000(5329
√

215+5400ωc)
(8− 32250u

20951 +
21600

√
215v

20951 + 25w
12 )(1 − 2150u

20951+
1440

√
215v

20951 +
5w
36 )

×
[
10(−2150u

20951 +
1440

√
215v

20951 + 5w
36 )2 + 207360u

20951 +
1440

√
215v

20951 + 365w
36

]
· · ·

}
,

dw
dτ
=

1
ωc

{
−219

125(5329
√

215+5400ωc)
(8− 32250u

20951 +
21600

√
215v

20951 + 25w
12 )(1 − 2150u

20951+
1440

√
215v

20951 + 5w
36 )

×
[
10(−2150u

20951 +
1440

√
215v

20951 + 5w
36 )2 + 207360u

20951 +
1440

√
215v

20951 + 365w
36

]
· · ·

}
.

(3.19)

We then expand around (u, v,w) and apply the Maple program to compute the normal form

up to third order:
dr
dτ
= r[v0µ + v1r2 + O(r4)], (3.20)

Here, µ = G2 − G2H is the bifurcation parameter, and v0, v1 are the zero-order and
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Figure 3.4: Simulated trajectories of system (3.6) for (a) G2 =
9
5 , converging to the equilib-

rium E2; and (b) G2 =
183

1075 , converging to a stable limit cycle.

the first-order focus values. The sign of v1 determines whether the Hopf bifurcation is

supercritical or subcritical. While v0 is obtained via linear perturbation, v1 is calculated

using the Maple program [44]. We find that

v0 = −
9245

1166471
< 0, (3.21)

and the output of the Maple program gives v1 as

v1 = −
13060070986532235
120109436621281436

, (3.22)

indicating a supercritical Hopf bifurcation and hence a stable bifurcating limit cycle.

Figure 3.4 illustrates simulation results of system (3.6) for two values of the cytokine

influx rate G2. When G2 =
9
5 > G2H, the solution converges to the equilibrium E2 (Fig-

ure 3.4(a)). When G2 =
183
1075 < G2H, the solution converges to a stable limit cycle (Fig-

ure 3.4(b)). This transition reflects a supercritical Hopf bifurcation as G2 crosses the thresh-

old G2H from above.

Remark: Since in applications, F is large. Although the above example uses a relative
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small F value, large values of F are also possible when other parameters are adjusted. For

instance, keeping A = 1
10 , B = 6, and D = 3, we set C = 181

400 , yielding Fc =
1604394089

8000200 ≈

200.54, allowing us to choose F = 200. To satisfy the Hopf bifurcation condition, we select

E = 9
1000000 < E∗ ≈ 0.00000921, resulting in G2H =

29941878877
7979142685600 ≈ 0.003753.

With this new parameter set, we compute

v1 = −
1391102075195670479483673557445760794191386164214908353476363130412184

24306898262926014305188937887225796653006867824061673857862519664991437 ≈ − 0.057231 < 0,

confirming once again that the Hopf bifurcation is supercritical and the bifurcating limit

cycle is stable.

3.4.3 Stability at G2 = G2t and center manifold reduction

In this section, we analyze the stability and bifurcation behavior of system (3.6) at the

transcritical point G2 = G2t using center manifold theory.

Theorem 3.4.3 For system (3.6) at the critical point G2 = G2t, the equilibria E1+ and

E2 coincide, forming a degenerate stable node. There is no backward bifurcation for this

critical point.

Proof At G2 = G2t, the Jacobian matrix of system (3.6) evaluated at the equilibrium

E2 = E1+ has a simple zero eigenvalue, Therefore, E2 is a degenerate node. To analyze

its stability, we reduce the system to its center manifold by applying an affine transforma-

tion:



X

Y

Z


=



X2

Y2

Z2


+



−(B − D)
2CD+(A−1)(B−D)

1 1

F[E(B − D) +CD]
CD

0 0

1
FA(B−D)

CD
+F−

2CD
B− D

−(A−1) 0





u1

u2

u3


, (3.23)
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where

X2 =
CD

B − D
, Y2 = 0, Z2 =

[B − D(1 +C)][A(B − D) +CD]
(B − D)2 ,

and G2 = G2t. Substituting this transformation into (3.6), we obtain

du1

dτ
= −

(B−D)3u2
1

BC[(A−1)(B−D)+2CD] +
(B−D)2u1u2

BC +
(B−D)2u1u3

BC ,

du2

dτ
= − Fu2 +

u2
F

+
(B−D)3[BE(D−F)+D2(C−E)]u1(u2+u3)

B{F(B−D)[A(B−D)+CD]−CD[A(B−D)+2CD]+CD(B−D)}[E(B−D)+CD] ,

du3

dτ
= −1

A(B−D)+CD

{CD[(A−1)(B−D)+2CD]u3
B−D +

[AF(B−D)2+C2D2]u2
2

CD

+
[A(A−1)(B−D)2+3ACD(B−D)+C2D2]u2

3
A(B−D)+CD + . . .

}
.

(3.24)

The linearized system is in Jordan canonical form with eigenvalues 0, −F and− CD[2CD+(A−1)(B−D)]
(B−D)[A(B−D)+CD] .

The third eigenvalue is clearly negative when G2 = G2t. To obtain the center manifold, we

assume u2 = c2u2
1, u3 = c3u2

1, and apply the chain rule:

du2

dτ
= 2c2u1

du1

dτ
,

du3

dτ
= 2c3u1

du1

dτ
.

Solving for c2 and c3, we obtain

c2 =
(B − D)4[BE(D − F) + D2(C − E)]

c2d
, c3 =

−F(B − D)3c3n

C2D c2d
.
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where

c2d = BF
[
E(B − D) +CD

][
(A − 1)(B − D) + 2CD

]
×
{
F(B − D)

[
A(B − D) +CD

]
−CD

[
(A − 1)(B − D) + 2CD

]}
,

c3n = F(B − D)
[
A(B − D) +CD

]
×
{
E(B − D)

[
A(B − D)3 + (1 − A)BC(B − D) +CD((B − D)2 − BC)

]
+CD

[
A(B − D)3 +CD((B − D)2 + BC)

]}
−BC3D2[E(B − D) +CD

][
(A − 1)(B − D) + 2CD

]
.

Thus, the center manifold up to the second order is given by

Wc = {(u1, u2, u3)|u2 = c2u2
1 + O(u3

1), u3 = c3u2
1 + O(u3

1)}.

and the reduced dynamics on the center manifold is

du1

dτ
= −

(B − D)3

BC[(A − 1)(B − D) + 2CD]
u2

1 + O(|u3
1|

3). (3.25)

The negative coefficient of u2
1 indicates that the equilibrium E2 is a locally asymptotically

stable degenerate node.

To ensure that the equilibrium remains in the interior after perturbation, we require the

positivity of the Y-coordinate:

Y = 0 +
F[E(B − D) +CD]

CD
u1 > 0,

which implies that u1 > 0. Under this condition, we can further explore the bifurcations at

E2 near this critical case.
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To illustrate the local structure of equilibria, let us consider the transformation:

X = X2 + u, Y = Y2 + v, Z = Z2 + w,

and substitute it into (3.6), which yields two equilibrium solutions:

(u0, v0,w0) = (0, 0, 0), (u1, v1,w1) =
(
−

CD
B − D

, 0, 0
)
.

The first equilibrium corresponds to (X2, 0,Z2), previously shown to be a degenerate stable

node. The second corresponds to (X3,Y3,Z3) = (0, 0,Z2), which matches equilibrium E0 at

G2 = G2t. A straightforward linear stability analysis confirms that this equilibrium is also

a stable node.

3.5 Treatment with CD4+ T cells (G1 > 0, G2 = 0).

If CD4+ T cells are utilized for treatment, then the interaction is described by the following

model:
dX
dτ
= X

(
1 − X −

Z
A + X

)
,

dY
dτ
= Y

( BX
C + X

− D
)
+G1,

dZ
dτ
=

XY
E + X

− FZ.

(3.26)

with non-negative initial conditions, G1 > 0 represents the immunotherapy, where G1 de-

notes the constant volume of CD4+ T administered to the tumor site of the patient per unit

time.

In the following, we focus on investigating the existence and stability conditions of the

equilibria of system (3.26). For this purpose, the equilibrium solutions of this system can



Chapter 3 – Dynamical Analysis of a Tumor Model with Immunotherapy Treatment 85

be easily determined by setting dX
dτ =

dY
dτ =

dZ
dτ = 0 as

E1 =

(
0,

G1

D
, 0

)
,

E2 = (X2,Y2,Z2) =
(
X2,

F(E + X2)Z2

X2
, (1 − X2)(A + X2)

)
, 0 < X2 < 1.

(3.27)

A boundary equilibrium of the form (X, 0, 0) does not exist because G1 > 0. Similarly,

(0,Y, 0) represents a state with immune cells present but no tumor and no cytokines. Biolog-

ically, this scenario is unrealistic because immune cells require activation usually triggered

by tumor antigens to produce or sustain cytokines. Without tumor presence or cytokine

signaling, immune cells cannot remain at a positive level.

To determine the existence of an interior steady state E2, where X2 is determined from

the fourth degree polynomial,

F2a = X2(C + X2)G1 − FF2b, where F2b =
[
CD − (B − D)X2

]
(1 − X2)(E + X2)(A + X2).

There exists only one boundary steady state E1 and its stability depends on the eigenvalues

of the Jacobian matrix evaluated at E1: 1, −D, −F, which show that E1 is always a saddle-

focus point. Observe that if X(0) = 0, then X(τ) = 0 for τ > 0, limτ→∞ Z(τ) = 0 and

limτ→∞ Y(τ) = G1
D . This implies that the stable manifold of E1 is situated on the non-

negative YZ plane. This indicates that the tumor may not be eliminated completely even

with immunotherapy by adopting CD4+ T cells to enhance the immune response. However,

the boundary steady state (1, 0, 0), which represents the tumor at its carrying capacity, does

not exist in this model. The model shows bistability at high doses of CD4+ T cells. The

tumor may either be maintained at a small size or grow near its maximum capacity. This

implies that the tumor’s long-term behavior, when treated with CD4+ T cells, depends on

its size at the point of detection.
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3.5.1 Stability and bifurcation of system (3.26)

In this subsection, we consider the stability and bifurcations of system (3.26), mainly fo-

cused on the equilibrium solutions. We have the following two theorems for the existence

of E2 and the stability of the equilibrium solutions, with the proof and more details on the

Hopf bifurcation will be given in the next theorem.

Theorem 3.5.1 For system (3.26), there exists at least one positive real solution for X2

from the equation F2a = 0:

1. 0 < X2 < 1 if B ≤ D(1 +C);

2. 0 < X2 <
CD
B−D if B > D(1 +C).

Proof To ensure that F2a = 0 have positive solutions, a necessary condition is that F2b > 0,

or DC − (B − D)X2 > 0 with 0 < X1 < 1, which yields that

(a) B ≤ D(1 +C), 0 < X2 < 1,

(b) B > D(1 +C), 0 < X2 ≤ X2c =
CD

B − D
.

To further assess the sign of F2b, consider the derivative of F2b with respect to X2:

F′2b(X2) =
dF2b

dX2
= 4(B − D)X3

2 + 3
[
(1 − A −C − E)D + B(A + E − 1)

]
X2

2

+2
{[

A(1 −C − E) + (1 −C)E +C
]
D + B

[
(E − 1)A − E

]}
X2

+
{
A
[
(1 −C)E +C

]
+CE

}
D − ABE

Evaluating the derivative at specific points:

• F′2b(0) = (A + E − AE)CD − AE(B − D),

• F′2b(1) = (A + 1)(E + 1)
(
B − (1 +C)D

)
,
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• F′2b(X2c) = −
(
B − (1 +C)D

)(
(B − D)E +CD

)(
(B − D)A +CD

)
(B − D)2 .

Now we analyze the two cases based (a) and (b) according to the value of B: For the

cases (a), we have F2b(0) = CDEA > 0, and F2b(X2c) = 0. Moreover,

• If B = D, then F2b = CD(1 − X2)(X2 + E)(X2 + A) > 0 for all 0 < X2 < 1.

• If B < D, then F2b → −∞ as X2 → ±∞. The quartic nature of F2b implies four

real roots: one negative and three positive roots, including X2 = X2c and X2 = 1.

Therefore, F2b > 0 on two intervals: (0, X∗2) and (X2c, 1), for some 0 < X∗2 < X2c.

• If D < B < D(1 + C), then F2b → +∞ as X2 → ±∞, and F′2b(X2c) < 0, F′2b(1) > 0.

F2b has four positive real roots: X∗2 ∈ (0, X2c, X2c, 1 and one greater than 1. Hence,

F2b > 0 on two intervals: (0, X∗2) and (X2c, 1).

• If B = D(1 + C), then F2b = CD(1 − X2)2(E + X2)(A + X2) in which F2b > 0 for

X2 ∈ (0, X2c)
⋃

(X2c, 1).

Thus, for case (a), F2a = 0 admits at least one positive real solution for X2 ∈ (0, 1).

Next, consider the case (b). For this case, F2b → +∞, as X2 → ±∞, with F2b(0) > 0

and F2b(X2c) = F2b(1) = 0. Now examine F′2b(0). F′2b(0) > 0 implies F2b > 0 on (0, X2c).

This leads to constraints on B, depending on the sign of (A + E − AE)CD − AE(B − D).

Moreover, if the second derivative of F2b at X2 = 0 is negative, then a local maximum exists

in (0, X2c), further confirming F2b > 0 over that interval. Therefore,

B > max
{

D(1 +C), D
(
1 +

C(−AE + A + E)
AE

)}
,

we conclude that F2a = 0 admits at least one solution in (0, X2c). Given that the equilibrium

condition is defined by F2a = 0, we can explicitly solve for D as a function of X2 as

D =
X2[FB(1 − X2)(E + X2)(A + X2) + (C + X2)G1]

F(1 − X2)(E + X2)(C + X2)(A + X2)
.
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Since this expression only requires 0 < X2 < 1, the cases (a) and (b) described earlier are

not needed here. Therefore, for any X2 ∈ (0, 1), a corresponding D can be found to ensure

F2a = 0.

Next, we consider the stability of E2, and have the following result.

Theorem 3.5.2 The interior equilibrium E2 undergoes a Hopf bifurcation when the Routh-

Hurwitz determinant∆2 (defined in the proof) vanishes. There is no transcritical bifurcation

if

F3 = 2X3
2 + (A + E − 1)X2

2 + AE ≥ 0, (3.28)

and E2 is unstable for F3 < 0. Moreover, no Hopf bifurcation occurs for sufficiently large

F; and E2 is locally asymptotically stable (LAS) when F3 > 0. The Hopf critical point

occurs at B = BH, as shown in the proof below.

Proof We analyze the Jacobian matrix of system (3.26) evaluated at the equilibrium E2,

which is given by

J(E2) =



X2(1 − 2X2 − A)
(A + X2)

0 −
X2

A + X2

−
(X2−1)(A+X2)(E+X2)FBC

X2(C + X)
BX2

C + X2
− D 0

−
(X2 − 1)(X2 + A)EF

X2(E + X)
X2

E + X2
−F


. (3.29)

This yields the characteristic polynomial,

PE2(λ) = λ
3 + a1λ

2 + a2λ + a3, (3.30)
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where

a1 =
1

(A + X2)

[
(A + F − 1 + 2X2)X2 + FA +

G1X2

F(1 − X2)(E + X2)

]
,

a2 =
1

F(1 − X2)(E + X2)(A + X2)2 a2a,

a3 =
X2

(A + X2)2(C + X2)2(E + X2)2(1 − X2)
a3a,

with

a2a = G1X2((A+F −1 +2X2)X2+ FA)+F2(1−X2)(A+X2)(2X3
2+(A+E−1)X2

2+AE),

a3a = (FBC(1−X2)2(E+X2)2(A+X2)2+G1(C+X2)2((A+E− 1 +2X2)X2
2+ AE)).

According to the Routh-Hurwitz criteria, the equilibrium E2 is LAS if

a1 > 0, a3 > 0, and ∆2 = a1a2 − a3 > 0

We now analyze this in cases:

(a) If A + E ≥ 1, then F′3(X2) > 0 for X2 > 0, which implies F3 > 0, a3 > 0 and a2 > 0

for large F.

(b) If E < 1 and A < 1 − E, then F′3(0) = F′3( 1−A−E
3 ) = 0, and F3 may change sign.

Minimizing F3 with respect to X2, we obtain

F3 min = AE −
(1 − A − E)3

27
.

Solving F3 min = 0 yields the critical value A = A∗ = (1 − E
1
3 )3.

• If A ≥ A∗, then F3 ≥ 0, so a2 > 0 and a3 > 0.

• If A < A∗, then F3 < 0 for some X2 ∈ (0, 1), causing a2 < 0 and instability of

E2.
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For large F, a1, a2, a3 are all positive, but ∆2 may cross zero, implying that a Hopf bifurca-

tion can occur when a1, a2 > 0, a3 > 0, but ∆2 = 0. From this, F3 ≥ 0 holds if one of the

following conditions is satisfied:

(i) A + E ≥ 1,

(ii) 0 < E < 1, (1 − E
1
3 )3 ≤ A < 1 − E,

(iii) 0 < E < 1, (1 − E
1
3 )3 > A > 0, X2 ∈ (0, X(1)

2 ]
⋃

[X(2)
2 , 1).

(3.31)

These ensure a1 > 0, a2 > 0, a3 > 0 for large F, precluding a transcritical bifurcation.

Otherwise, if F3 < 0, then a2 < 0, and E2 is unstable. Under the above three conditions,

F3 > 0 and ∆2 > 0, meaning no Hopf bifurcation occurs for large F, and E2 remains LAS.

When F3 = 0, we have 0 < A ≤ (1 − E
1
3 )3, and X2 = X(1)

2 or X2 = X(2)
2 . When

A = (1 − E
1
3 )3, the roots coincide: X(1)

2 (A) = X(2)
2 (A).

We now identify conditions for Hopf bifurcation, which occurs when a1 > 0, a3 > 0,

and ∆2 = 0. The explicit form of ∆2 is

∆2 =
∆2a

F2(1 − X2)2(E + X2)2(A + X2)3(C + X2)2

where

∆2a = −F3(1 − X2)3(A + X2)3CX2(E + X2)2B + ∆2aa (3.32)

and
∆2aa = (C + X2)2[FA + X2(F − 1 + A + 2X2)

]
×
{
X2

2G2
1 + FX2(1 − X2)(E + X2)

[
FA + X2(F − 1 + A + 2X2)

]
G1

+F3(1 − X2)2(E + X2)(A + X2)
[
2X3

2 + (A + E − 1)X2
2 + AE

]}
.

Define the critical value,

Bc =
(1 +C)(C + X2)X2G1

CF(1 − X2)2(E + X2)(A + X2)
,
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so that when B ≤ Bc, we have ∆2a > ∆2b, where

∆2b = F3(1 − X2)2(E + X2)(C + X2)2(A + X2)F4aF4b

+F2G1X2(1 − X2)(C + X2)(E + X2)(A + X2)
[
F(C + X2)(A + X2) + X2F4c

]
+X2

2(C + X2)2G1
[
FX2(1 − X2)(E + X2)(A − 1 + 2X2)2 +G1F4a

]
,

with the auxiliary terms:

F4a = FA + X2(A + 2X2) + (F − 1)X2,

F4b = 2X3
2 + (A + E − 1)X2

2 + AE,

F4c = 4X2
2 +

[
2A + 3(C − 1)

]
X2 + (A − 2)C − A,

where F4b = F3. Clearly, F4a > 0 whenever F ≥ 1. For F4b = F3, as discussed above,

F4b > 0 if one of the conditions given in (3.31) is satisfied. For F4c, evaluating endpoints

yields:

F4c(0) = (A − 2)C − A, F4c(1) = (1 + A)(1 +C).

Root structure of F4c = 0 depends on A and C:

1. If A ≤ 2, C > 0: one positive root X2p.

2. If A > 2, C ≥ A
A−2 : then F4c ≥ 0 for all X2, so ∆2a > 0 and E2 is LAS.

3. If A > 2, C < A
A−2 : again one positive root X2p.

The general expression for this root is

X2p =
1
8
[
3(1 −C) − 2A +

√
4A2 − 4CA + 9C2 + 4A + 14C + 9

]
.

• If X2p < 1, then for X2 ∈ [X2p, 1), ∆2b > 0 and E2 is LAS.

• For X2 ∈ (0, X2p), stability depends on sign of F4c and thus on F.
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Define a threshold:

F4d = −
F4cX2

(C + X2)(A + X2)
, so

dF4d

dX2

∣∣∣∣∣
X2=0
=

A − AC + 2C
AC

> 0.

This implies F4d has a unique positive maximum in (0, 1), which is estimated to be less

than 1. Therefore, if F > 1, then F(C + X2)(A + X2) + X2F4c > 0, so remains LAS.

Finally, when ∆2 = 0, the critical value of B at which Hopf bifurcation occurs is

BH =
∆2aa

F3(1 − X2)3(A + X2)3CX2(E + X2)2 . (3.33)

Since the numerator ∆2aa > 0 whenever F3 ≥ 0, and the denominator is always positive,

we conclude BH > 0. Thus, a Hopf bifurcation emerges at B = BH when ∆2 = 0.

This completes the proof.

3.5.2 Bifurcation of multiple limit cycles

We aim to determine the maximum number of limit cycles that can bifurcate from the Hopf

critical point BH in system (3.33) when the relevant conditions are satisfied. To this end,

we apply the normal form of the Hopf and generalized bifurcations to compute the focus

values, which in turn allow us to estimate the number of bifurcating limit cycles.

The following theorem (see the detailed proof in [45, 46]) provides a sufficient condi-

tion for a dynamical system to exhibit multiple limit cycles emerging from a Hopf critical

point. Without loss of generality, assume the amplitude equation of the normal form for

a general n-dimensional dynamical system ẋ = f (x, µ) with a Hopf bifurcation takes the

form,
dr
dτ
= r[v0µ + v1r2 + v2r4 + · · · + vkr2k + O(r2k+2)], (3.34)

where vk is the kth-order focus value, expressed in terms of the system parameters. If one
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can identify k parameters, say, µ = (µ1, µ2, ..., µk), such that

v0 = v1 = · · · = vk−1 = 0, but vk , 0,

at the critical point defined by µc = (µ1c, µ2c, ..., µkc), and

rank
[
∂(v0, v1, · · · , vk−1)
∂(µ1, µ2, ..., µk)

]
µ=µc

= k,

then k small-amplitude limit cycles can bifurcate from the equilibrium via suitable pertur-

bations to µ.

For system (3.26), we have the following result.

Theorem 3.5.3 System (3.26) admits at least two limit cycles bifurcating from the Hopf

critical point, with outer limit cycle is stable and the inner one is unstable, and both enclose

the stable equilibrium E2.

Proof We begin by selecting the following typical parameter values:

A =
1

10
, C = 1, E =

1
10
, F = 5000, X2 =

139
1000

,

which yield

BH =
258364405203497(1932100000G2

1 + 17089223906265651G1 − 45289032746370525)
144136018732388476605918750000

,

D =
139(49181181BH + 227800G1)

56017365159
.

The numerical coefficients in the transformation matrix come directly from evaluating the

Jacobian matrix of system (3.26) at the Hopf equilibrium point E2, using the chosen pa-

rameter set in (3.27). In other words, these numbers are obtained by linearizing the system

at the equilibrium, computing the eigenvectors, and normalizing them to construct the co-

ordinate change that reduces the system to its canonical Hopf form. Next, we apply the
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affine transformation,



X

Y

Z


=



139
1000

49181181
27800

205779
1000000


+



T11 ωc T13

T21 T22 T23

1 0 1





u

v

w


, (3.35)

where

ωc =
1139

√
18988026562517390G1 − 50321147495967250

1435000000000
,

and

T11 =
206081872391500

−7208009907872487+2768216372300000G1
,

T13 =
28603281

200(139G1+1229529525) ,

T21 =
237986947115000(−36834441+13900000G1)

139(−7208009907872487+2768216372300000G1) ,

T22 =
199152257(100000G1−63997269)

√
2
√
−25160573747983625+9494013281258695G1

342965(−7208009907872487+2768216372300000G1) ,

T23 = −
1932100000G2

1+17089223906265651G1−45289032746370525
14301640500(139G1+1229529525) .

(3.36)

Using the Maple program [44] to compute the normal forms up to 5th-order terms yields

dr
dτ
= r [v0µ + v1r2 + v2r4 + O(r6)], (3.37)

where µ = B− BH is a bifurcation parameter, and v0, v1 and v2 are the rare the focus values

of respective orders. The transversal condition v0 is obtained via linear analysis, while v1

and v2 are derived using the Maple implementation. Explicitly,

v0 =
7415041449683042081872338614062500000

√
5

v0d
,



Chapter 3 – Dynamical Analysis of a Tumor Model with Immunotherapy Treatment 95

where,

v0d = 1297321
√

9494013281258695G1 − 25160573747983625

×(193210000000000G2
1 + 5126767171879695300000G1

+15115236593113258444867492881).

The focus values v1 and v2 are obtained as rational functions of G1, with

v1 =
v1a

v1d
, v2 =

v2a

v2d
,

where

v1a = 20459357000916082108298541001893779424330663328600832590000000000000000000000000G8
1

−542883498547040625685794433608383757985148535471168592547938539098700000000000000000000G7
1

−20275342524278339802205972444960989833427295399773355899721809853616130843677654000000000000000G6
1

−179341849320134814132027087152418618504243767861161657626587829665208985139980722089951730740000000000G5
1

−542680622655228041465748791480437908485233340657678780367189117113021267008155075398019904597971099726900000G4
1

−369157757122969816758541413301376845424437510969117234668879992063589128971999617708111227024532362867065558753203G3
1

+1947948663746889874680512396097152932290309822949706541568386921253561210083246157824766315782717294054693635410650G2
1

−50558077097980849691001099318777637574562241131673815785975042277888320993488277874803289276362135859946756203076875G1

+127179621555089854334238366643965401721315519156874085704916938433667580912530705300557057990086231974505283203125000,

v1d = 219634736175833190992500(13900000G1 + 122944056879609)(27682163723G1 − 73361928325)

×(2768216372300000G1 − 7208009907872487)(1390000000000G2
1 + 73766434127765400000G1 + 108742611556859241249712179)

×(193210000000000G2
1 + 5126767171879695300000G1 + 15115236593113258444867492881),

v2a = · · · ,

v2d = · · · ,

Exact coefficients are kept because rounding them alters the computed focus values and

affects reproducibility. Including the full integers guarantees verifiable, machine-accurate

results. The detailed expressions for v2a and v2d are omitted for brevity.

Because the focus values depend on a single parameter G1, it is possible to choose G1

such that v1 = 0, but v2 , 0, leading to the emergence of two limit cycles. Solving v1a = 0

numerically for G1 yields two positive real solutions, one of which is G1c = 2.65021346 · · · ,

for which v2 = −6.52662498 · · · . Perturbing G1 slightly as G1 = G1c + ε1 with ε1 =
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−0.0000005, and letting B = BH + ε2 with ε2 = −0.0018 gives

v0µ + v1r2 + v2r4 = −0.16607551 ∗ 10−7 + 0.00241040 · · · r2 − 6.52662498 · · · = 0.

Solving this equation yields approximate amplitudes of two limit cycles:

r1 ≈ 0.002650, r2 = 0.019034.

Since ε2 < 0, the parameter B decreases as it crosses the Hopf critical point BH. Given

v2 < 0, the outer limit cycle is stable and the inner one is unstable. The equilibrium E2 at

this critical point is a stable focus.

For this example, at the critical point, we have

BH = 0.00192194 · · · , and D = 0.00173260 · · · ,

both of which are small due to the large value of F. The corresponding simulated phase

portraits are shown in Figure 3.5.

The proof is complete.
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Figure 3.5: Simulated trajectories of system (3.26): (a) with parameters A = 9
10 , B = 9, C =

1, D = 3, E = 1/10, F = 40, G1 =
165021347
100000000 , converging to equilibrium E2; and (b) with

parameters A = 2
5 , B = 55, C = 1,D = 1343113

200000 , E = 9
10 , F = 6, G1 =

278715
105167 , converging to

a stable limit cycle.

3.6 Treatment with both CD4+ T cells and Cytokine (G1 >

0, G2 > 0).

When the treatment strategy involves both CD4+ T cells and cytokine, the interaction dy-

namics can be described by the following model:

dX
dτ
= X

(
1 − X −

Z
A + X

)
,

dY
dτ
= Y

( BX
C + X

− D
)
+G1,

dZ
dτ
=

XY
E + X

− FZ +G2,

(3.38)

where G1 > 0 and G2 > 0 represent constant administrations of CD4+ T cells and cytokine,

respectively, to the tumor site per unit time. To determine the equilibria of the system,

we solve the algebraic equations corresponding to the right-hand sides of the differential
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equations. This yields two biologically relevant equilibria:

E1 =

(
0,

G1

D
,
G2

F

)
,

E2 =

(
X2,

G1(C + X2)
CD − (B − D)X2

, (1 − X2)(A + X2)
)
,

(3.39)

The equilibrium E1 is a tumor-free state (X = 0) where immune cells and cytokines re-

main positive due to the constant therapeutic inflows G1 and G2. This state is biologically

meaningful only when both G1 > 0 and G2 > 0. In this case, E1 represents a successful

treatment outcome in which the tumor is eliminated and the immune response is sustained

by continuous therapy.

where the second equilibrium E2 is valid only under certain conditions. Specifically,

consider the expression,

S 1 = −
S 1a

(E + X2)[(B − D)X2 −CD]
,

where

S 1a = G1X2(C + X2) − (E + X2)(D(C + X2) − BX2)(F(A + X2)(1 − X2) −G2).

When G2 ≥ F(A + X2)(1 − X2), the numerator S 1a becomes positive, but no real solution

for X2 to exist. Therefore, for the interior equilibrium E2 to exist, the following inequality

must hold:

G2 < F(A + X2)(1 − X2).

Under this condition, the corresponding value of G1 required to ensure equilibrium is given

by

G1 =
(E + X2)[D(C + X2) − X2B][F(1 − X2)(A + X2) −G2]

X2(C + X2)
.
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Alternatively, solving for G2 in terms of G1 yields

G2 =
F(1 − X2)(A + X2)(E + X2)[D(C + X2) − X2B] − X2(C + X2)G1

[D(C + X2) − X2B](E + X2)
.

To ensure G2 remains positive, G1 must satisfy

G1 <
F(1 − X2)(A + X2)(E + X2)[D(C + X2) − BX2]

X2(C + X2)
.

Thus, a biologically meaningful interior equilibrium E2 exists if both 0 < G2 < F(A +

X2)(1− X2) and the corresponding G1 lies within the above bounds. Additionally, the value

of G1 can also be directly related to G2 via

G1 =
(E + X2)((B − D)X2 −CD)G2

X2(C + X2)
,

which must be positive. Thus, the conditions for existence of the interior equilibrium are

summarized as follow:

1. G2 < F(A + X2)(1 − X2) = G2e,with X2 < 1, and B < D
(
1 + C

X2

)
, or

2. B ≤ D, then 0 < X2 < 1; and if B > D, then X2 < min
{
1, CD

(B−D)

}
.

These criteria ensure the system admits a biologically relevant non-trivial equilibrium when

both CD4+ T cell and cytokine therapies are applied appropriately.

Theorem 3.6.1 For system (3.38), the equilibrium E1 is a stable node when G2 > FA, and

becomes a saddle when G2 < FA, under which condition the interior equilibrium E2 exists.

There is no bifurcation of limit cycles occurring for F > D.

Proof To determine the stability of the equilibria, we evaluate the Jacobian matrix of sys-

tem (3.38) at E1 and E2. At the boundary equilibrium E1 = (0, G1
D ,

G2
F ), the Jacobian matrix

yields the eigenvalues: −D, −F and 1 − G2
FA . From this, we see that E1 is a stable node
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when G2 > FA, and a saddle point when G2 < FA, indicating a change in stability and the

possibility of a new interior equilibrium E2.

To examine the stability of E2, we compute the Jacobian at E2 and determine the char-

acteristic polynomial, which takes the form:

J(E2) =



X2(1 − 2X2 − A)
(A + X2)

0 −
X2

A + X2

−
B(FX2

2 + F(A − 1)X2 − AF +G2)C(E + X2)
(C + X2)2X2

BX2

C + X2
− D 0

−
(FX2

2 + F(A − 1)X2 − AF +G2)E
(E + X2)X2

X2

E + X2
−F


. (3.40)

The characteristic polynomial is

λ3 + a1λ
2 + a2λ + a3 = 0,
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where

a1 = D −
BX2

C + X2
+ X2 +

FA + (F − 1 + X2)X2

A + X2
,

a2 =
1

(A + X2)(C + X2)(E + X2)
a2a,

a2a =
{
(−2B + 2D + 2F)X4

2

+
[
(−2B+ 2D+ F)E+ (A− B+ 2C+ D− 1)F+ (A+ 2C− 1)D− B(A− 1)

]
X3

2

+
[(

(−B+C +D)F+(A+ 2C− 1)D− B(A−1)
)
E +((A+C)D+(−B+C)A−C)F

+CD(A − 1)
]
X2

2 +
[(

((A +C)D − A(B − 1))F +CD(A − 1) −G2
)
E + ACDF

]
X2

+C(A(D + 1)F −G2)E
}
,

a3 = −
F

(A + X2)(C + X2)2(E + X2)
a3a,

a3a = −2F(B − D)X5
2 − F((3B − 4D)C + (B − D)(A + E − 1))X4

2

−2FC(−CD + (B − D)(A + E − 1))X3
2

+((D(A + E − 1)C2− B((A− 1)E −A)C− AE(B− D))F−G2(BC− E(B− D)))X2
2

+2CDE(AF −G2)X2

+C2DE(AF −G2).

where the coefficients a1, a2, and a3 are explicitly derived in terms of the system parameters

and X2. For the interior equilibrium E2 to exist and be locally asymptotically stable, the

Routh-Hurwitz conditions must be satisfied: a1 > 0, a3 > 0, and ∆2 = a1a2 − a3 > 0.

We consider the existence condition for E2, which requires G2 < F(A + X2)(1 − X2) =

G2e. Let G2 = F(A + X2)(1 − X2) − h, where h > 0 is a small perturbation. Substituting this

into the characteristic polynomial, we analyze the discriminate ∆2, denoted as

∆2b = ∆2b0 + ∆2b1h
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where ∆2b0 and ∆2b1 are parameter dependent expressions:

∆2b0 = (E + X2)(F(C + X2) + D(C + X2) − BX2)

×(F(A + X2) + (A + 2X2 − 1)X2)((A + X2)

×(D(C + X2) − BX2) + X2(C + X2)(A + 2X2 − 1))

and
∆2b1 = C(A + X2)(E + X2)(D(C + X2) − BX2)

+E(C + X2)2X2(A + 2X2 − 1)

+E(C + X2)2(A + X2)(F −
CD(E + X2)
E(C + X2)

).

It can be shown that ∆2b0 > 0 under the condition A + 2X2 − 1 > 0, and that a1 > 0, a3 > 0

also hold under this condition. For ∆2 = 0, we require ∆2b1 > 0, which is satisfied

F −
CD(E + X2)
E(C + X2)

> 0.

Noting that
CD(E + X2)
E(C + X2)

<
CD
C
= D,

we conclude that the inequality holds when F > D. Therefore, for typical parameter values

where F > D, the conditions a1 > 0, a3 > 0, and∆2 > 0 are all satisfied, and the equilibrium

E2 is stable.

When F > D, the system does not undergo a Hopf bifurcation because none of the

eigenvalues cross the imaginary axis. Additionally, a Bogdanov–Takens bifurcation is not

possible, as this would require a degenerate case with two zero eigenvalues, which does not

occur at either equilibrium.

To explore the possibility of Hopf bifurcation when F < D, we require

F −
CD(E + X2)
E(C + X2)

< 0,
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which would make ∆2b1 < 0. In this case, a more detailed bifurcation analysis would

be needed. However, under the typical regime F > D. we conclude that no limit cycle

bifurcation occurs.

Remark

Although the characteristic polynomial of the system may suggest the possibility of a Hopf

bifurcation under certain parameter regimes, our analysis shows that this does not occur

within biologically meaningful conditions. Specifically, for typical parameter values satis-

fying F > D, the system does not admit purely imaginary eigenvalues, and thus no limit

cycle arises. We expect F > D because cytokines decay much faster than immune cells.

Therefore, the cytokine clearance rate F is higher than the immune-cell decay rate D, mak-

ing F > D biologically realistic. Mathematically, a Hopf bifurcation may occur when

F < D, but this condition is not aligned with observed or realistic biological parameters.

Therefore, while a Hopf bifurcation is theoretically possible, it is biologically irrelevant in

this context.
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Figure 3.6: Simulated trajectories of system (3.38): (a) when A = 1
10 , B = 57, C = 1, D =

4, E = 3
10 , F = 70, G1 =

165021347
100000000 , G2 =

9
5 , converging to the equilibrium E2; and (b) when

A = 1
10 , B = 50, C = 1, D = 6, E = 40, F = 10, G1 =

278715
105167 , G2 =

183
1075 , converging to a

stable limit cycle.
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Biologically, this implies that while the immune system may transiently respond to

tumor fluctuations, it does not enter a state of sustained rhythmic behavior. Despite the

combined action of CD4+ T cells (stimulated by G1) and cytokines (administered via G2),

the tumor–immune dynamics do not exhibit periodic cycles. Instead, the immune system

drives the tumor toward a steady-state level, without the oscillatory patterns often associ-

ated with immune surveillance and escape. Thus, while a Hopf bifurcation may appear

mathematically feasible in theory, it is not realized within biologically meaningful param-

eter ranges. This highlights the importance of aligning mathematical predictions with bio-

logically realistic constraints.

3.7 Conclusion

In this work, we presented a detailed analysis of a mathematical model describing tu-

mor–immune–cytokine interactions under three immunotherapy strategies: (i) cytokine

administration only, (ii) CD4+ T-cell infusion only, and (iii) combined administration of

CD4+ T cells and cytokine. For each case, we identified equilibria, derived the existence

conditions, and analyzed stability and bifurcations.

For cytokine therapy, the model predicts three possible outcomes: tumor eradication,

partial reduction, or coexistence with immune cells, depending on the cytokine dose rel-

ative to threshold values. High doses eliminate small tumors, intermediate doses reduce

but do not remove them, and low doses allow stable coexistence. Transcritical and Hopf

bifurcations at these thresholds can shift the system between states, highlighting the need

for precise dosing.

For CD4+ T-cell therapy, effectiveness depends on both dose and initial tumor size.

Although complete eradication is unlikely, high G1 values can maintain small tumor at

low levels. However, bistability means that large initial tumors may still progress. Under

certain conditions, a Hopf bifurcation can induce sustained oscillations in tumor-size.
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For combination therapy, the model yields a stable boundary equilibrium when G2 >

FA, and an interior equilibrium when G2 < FA. If the cytokine decay rate exceeds the T-

cell loss rate (F > D), oscillations are suppressed, and the system approaches a steady state.

This combined approach enhances tumor control by coupling cytokine, driven immune

activation with sustained T-cell cytotoxicity.

Biologically, treatment success depends not only on dose but also on clearance rates,

immune activation thresholds, and initial tumor size. Cytokine therapy requires careful

titration to avoid destabilizing dynamics; T-cell therapy is most effective when initiated

early; and combination therapy broadens the stability range for long-term control.
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Chapter 4

4 Bifurcation Analysis and Complex Dynamics of a

Virotherapy Model

4.1 Introduction

Oncolytic virotherapy is an innovative and developing cancer treatment that uses modi-

fied viruses to specifically target and replicate within cancer cells, causing their destruction

while sparing healthy tissue. The idea originated in the early 20th century when sponta-

neous tumor shrinkage was observed in cancer patients after natural viral infections. How-

ever, it wasn’t until the mid-20th century that the potential of viruses as a therapeutic tool

was seriously explored [1]. In the 1950s and 1960s, early clinical observations revealed that

some cancer patients showed tumor reduction during or after viral infections like measles

or influenza [2].

Although early virotherapy trials showed assurance, progress was limited due to a lack

of tools for viral modification and concerns about safety. The field remained underdevel-

oped until the rise of recombinant DNA technology in the 1990s, which enabled scientists

to genetically modify viruses. This advancement allowed for enhanced tumor targeting, re-

duced toxicity, and increased replicative potential of the viruses [3]. Many oncolytic viruses

are designed as vectors for gene delivery. A particularly promising approach involves engi-

neering these viruses to produce pro-inflammatory cytokines and co-stimulatory molecules,

which help stimulate a targeted immune response against the tumor [4, 5]. These founda-

tional advancements established the foundation for understanding how oncolytic viruses

can selectively target tumor cells and modulate the immune system, connecting historical

development with modern therapeutic strategies.

Oncolytic viruses (OVs) are designed or selected to utilize deficiencies in tumor cells.
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These viruses work through two main mechanisms: Direct Oncolysis and Immune Sys-

tem Activation. In Direct Oncolysis, OVs particularly infect and reproduce in cancer cells

which leads to cell bursting (lysis) and death. After the cell dies, new viral particles are

released, which can infect neighboring tumor cells and continue the cycle of infection and

destruction [6]. In Immune System Activation, tumor lysis releases tumor-associated anti-

gens and signals the danger which stimulate the host immune system, often converting a

“cold” (non-immunogenic) tumor microenvironment into a “hot” (immunogenic). This can

lead to an adaptive immune response against the tumor, enhancing the overall therapeutic

effect [7]. The dual mechanism of action highlights the potential of OVs to both directly de-

stroy tumor cells and prime the immune system for a sustained antitumor response, linking

molecular action to immune activation.

Selectivity for cancer cells is achieved in multiple ways. For example, many OVs are

altered to target defects in cellular antiviral responses that are frequently found in tumor

cells but remain functional in healthy cells. Others are modified to replicate only in rapidly

dividing cells or under the control of tumor-specific promoters [8]. Several viruses have

been investigated for their oncolytic potential, including: Adenoviruses, Herpes simplex

virus (HSV), Vaccinia virus, Reovirus, Measles virus. These strategies underscore the

precision with which OVs can distinguish between healthy and cancerous cells, enhancing

safety and efficacy while preparing for clinical applications.

Oncolytic viruses (OVs) are replication-competent viruses with low pathogenicity, en-

gineered to selectively infect and replicate within tumor cells, causing their destruction

through direct lysis, while leaving normal cells unharmed. Growing evidence in oncolytic

virotherapy shows that OV infection can also stimulate specific antitumor immune re-

sponses. Proteins released from OV-lysed tumor cells activate the innate immune system

by triggering dendritic cells, which then promote adaptive immunity (Figure 4.1) [9]. The

immune stimulating effects of OVs complement their direct oncolytic activity, providing

a bifurcated approach to tumor elimination that bridges cell-level and systemic responses.
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With continuous progress in treatment methods, research has shown that the virus holds

Tumor cell
infection

OV
replication

Tumor
cell lysis

Infection of
other tumor cells

Stimulation of
host anti-tumor

immune response

Tumor cell death

Healthy cell
infection

Undamaged healthy
cell without replication  

TA

DC

T-Cell

Oncolytic Virus and Healthy cell interaction

Oncolytic Virus and Tumor cell interaction

Oncolytic Virus administration

Figure 4.1: Function of oncolytic virotherapy (TA: Tumor Antigen, DC: Dendritic Cell)
[9].

significant promise for cancer therapy [10]. Many important advances have been achieved,

some of which are highlighted below. The first oncolytic virus drug to be approved was

T-Vec (Talimogene la-herparepvec), which was created by modifying herpes simplex virus

type 1 (HSV-1) and adding GM-CSF. It was approved in the USA in October 2015, in

Europe in January 2016, and in Australia in May 2016. T-Vec works by halting tumor

growth, helping to extend patient survival [11]. This approval, considered one of the major

milestones in the field, marked a significant validation of the approach, as T-VEC became

the first oncolytic virus therapy to be permitted in the United States [12]. This landmark

approval paved the way for research on other viruses with oncolytic potential, linking reg-

ulatory success to ongoing experimental exploration.

Beyond T-VEC, research on the Zika virus (ZIKV) to treat glioblastoma in mice shows

promising results, with ZIKV killing glioblastoma stem cells and potentially extending sur-

vival. Genetically modified strains may benefit adult patients [13, 14]. Oncolytic viruses

are also showing potential against various cancers, including liver, pancreatic, and breast

cancers, as well as mesotheliomas and myelomas [15]. In preclinical models of hepato-
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cellular carcinoma (HCC), oncolytic viruses have demonstrated strong anti-tumor efficacy

[16]. These successes in both clinical and preclinical settings highlight the therapeutic

promise of oncolytic viruses and motivate further exploration into their mechanisms of

action, maintaining continuity with prior approval milestones.

The interaction between viruses and their host cells plays a fundamental role in under-

standing the progression and control of infectious diseases, particularly in virotherapy, im-

munology, and tumor-virus dynamics. Mathematical models serve as indispensable tools

in capturing the complex interplay between susceptible (uninfected) cells, infected cells,

and free virus particles, providing insights into disease dynamics and guiding therapeutic

strategies. Mathematical modeling thus provides a framework for quantifying and predict-

ing the behavior of oncolytic virus therapies in complex biological systems, connecting

experimental evidence to theoretical understanding.

To better understand the complex interactions involved in this process, mathematical

modeling has played an increasingly important role, helping researchers predict outcomes,

design optimal treatment procedures, and identify critical thresholds for therapy success

or failure. We analyzed a nonlinear dynamical system that models the interaction between

tumor cells, oncolytic viruses, and the immune response. Our objective is to explore the

qualitative behavior of the system under various therapeutic conditions.

We considered the mathematical model [17] and applying suitable simplifications to

reduce its complexity while conserving key dynamical features. We then thoroughly in-

vestigate fundamental properties of the model, including the existence, uniqueness, and

boundedness of its solutions. Next, we identify and classify equilibrium points of the sys-

tem, analyzing their local stability to understand the potential long-term outcomes of the

therapy. In particular, we examine how variations in critical parameters can cause signifi-

cant changes in the system’s behavior, including the formation of oscillatory dynamics or

persistent tumor-virus coexistence. To discover these phenomena, we perform a bifurca-

tion analysis using tools from nonlinear dynamical systems theory. Specifically, we apply
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center manifold theory and normal form analysis to examine the local dynamics near bi-

furcation points and determine the conditions under which stable limit cycles can arise.

Finally, we support our analytical results with numerical simulations that illustrate the sys-

tem’s rich dynamical behavior and provide biological interpretation of the findings. The

insights gained from this study enhance our theoretical understanding of oncolytic virus

therapy and may contribute to the design of more effective treatment procedures.

4.2 Modeling and Reduction

The interactions between tumors, oncolytic viruses, and the host immune system are com-

plex, involving multiple biological processes that occur on different timescales, affecting

the population over time. Mathematical modeling provides a powerful framework for cap-

turing these interactions, offering insights into the mechanisms underlying virotherapy and

guiding potential therapeutic strategies.

In this study, we consider a three-component model that describes the essential dynam-

ics of virotherapy by tracking three interacting populations: uninfected cancer cells x(t),

infected cancer cells y(t), and free virus particles v(t). The following set of differential

equations describes how these populations evolve over time (arbitrary units), capturing the

dynamics of their development [18]:

dx
dt
= rx

(
1 −

x + y
ω

)
− dx − βxv,

dy
dt
= βxv − (d + a)y,

dv
dt
= ky − µv,

(4.1)

All the parameters r, k, β, ω, a, d and µ are positive constants. The meanings of these

parameters are explained in Table 4.1 [19].

The first equation models the net growth of uninfected cancer cells. In the absence
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Table 4.1: Model parameters for system (4.1) and their biological interpretation.

Parameter Biological meaning Value
r Intrinsic growth rate of uninfected tumor cells 1/2
ω Tumor carrying capacity (cell density scale) 10
d Natural death rate of uninfected tumor cells 1/10
β Infection rate constant (virus–cell contact efficacy) 3/2
a Virus–induced death rate of infected cells 1/5
k Virion production rate per infected cell 1/10
µ Clearance rate of free virions 1/10

of infection, these cells proliferate at a rate rx, following logistic growth with carrying

capacity ω, reflecting limitations due to space, nutrients, and other resources. They also

die naturally at rate dx, so their average lifespan is 1/d. Infection occurs when free virus

particles encounter uninfected cells at rate βxv, where β, accounts for both the probability

of successful viral entry and the rate at which encounters occur.

The second equation describes the population of infected cancer cells. These cells arise

from successful infection events and are lost through two processes: natural death at rate dy

and virus-induced death at rate ay. Thus, the mean lifespan of an infected cell is 1/(d + a).

The third equation governs the dynamics of free virus particles. Each infected cell

produces virus at rate k, giving a total “burst size” of k/(a + d) particles per infected cell

over its lifetime. Free viruses are cleared from the system at rate µv , yielding an average

viral lifespan of 1/µ.

To facilitate analysis, we introduce the following non dimensional variables and time

rescaling:

x = ωX, y = ωY, v =
kω
r

Z, t =
1
r
τ
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Substituting these into (4.1) yields the dimensionless system

dX
dτ
= X(1 − X − Y − D − BZ),

dY
dτ
= BXZ − AY,

dZ
dτ
= Y −CZ,

(4.2)

where X(τ), Y(τ), Z(τ) represent the scaled populations of uninfected cells, infected cells,

and free virus particles, respectively. The parameters

A =
d + a

r
, B =

β kω
r2 , C =

µ

r
, D =

d
r
.

All values are positive and represent biologically relevant rates in a non-dimensional form:

A is the death rate of infected cells, B measures the effective infection strength, C is the

clearance rate of free virus particles, and D reflects the death rate of uninfected cells.

The system (4.2) is studied subject to the non-negative initial conditions

X(0) = X0 ≥ 0, Y(0) = Y0 ≥ 0, Z(0) = Z0 ≥ 0. (4.3)

Our analysis focuses on the generic dynamics of (4.2) in the four-dimensional parameter

space (A, B, C, D). In particular, we investigate the onset and nature of oscillatory

dynamics through Hopf bifurcation theory. By examining the interplay of these parameters,

we identify conditions under which multiple limit cycles may arise, leading to distinct

bistable regimes. This exploration of Hopf and generalized Hopf bifurcations provides

deeper insight into how changes in biological rates can qualitatively alter the virotherapy

outcome.
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4.3 Positivity and Boundedness of Solutions

In biological models, variables such as cell densities and virus concentrations must remain

nonnegative and typically stay bounded for all time. We now establish that the system

under consideration satisfies these properties.

Theorem 4.3.1 Let the initial conditions (X0,Y0,Z0) be nonnegative. Then the correspond-

ing solution (X(τ),Y(τ),Z(τ)) exists, is unique, remains nonnegative for all τ ≥ 0, and is

uniformly bounded.

Proof Existence and uniqueness follow from the standard theory of ordinary differential

equations, since the right–hand side of (4.2) is locally Lipschitz on R3. It remains to show

positivity and boundedness. We begin with the tumor equation in the absence of viral

infection. By the variation-of-constants formula applied to the uninfected cells equation in

(4.2), we obtain

X(τ) = X(0) e
∫ τ

0 [1−X(s)−Y(s)−D−BZ(s)] ds,

Since exponential factor is strictly positive, it follows that X(τ) ≥ 0, for all τ ≥ 0 whenever

X(0) ≥ 0. Similarly, from the infacted tumor cell equation in (4.2) we have

Y(τ) = e−Aτ

[
Y(0) +

∫ τ

0
BX(s)Z(s)eAs ds

]
,

and from the virus particle equation in (4.2),

Z(τ) = e−Cτ

[
Z(0) +

∫ τ

0
Y(s)eCs ds

]
.

These expressions show that Y(τ) and Z(τ) are mutually nonnegative: if Y(τ) ≥ 0 for τ ≥ 0,

then Z(τ) ≥ 0, and conversely.

We now claim that both Y(τ) ≥ 0 and Z(τ) ≥ 0 for all τ ≥ 0. Suppose, for contradiction,

that one of them first crosses zero. Without loss of generality, assume Y(τ) crosses zero at
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τ = τ1 and Z(τ) at τ = τ2. Then Y(τ1) = 0 with Y(τ) > 0 for τ < τ1, and Z(τ2) = 0 with

Z(τ) > 0 for τ < τ2.

If τ1 ≤ τ2, then Z(τ) > 0 for τ < τ2, and hence

Y(τ1) = e−Aτ1

[
Y(0) +

∫ τ1

0
BX(s)Z(s)eAs ds

]
> 0,

which contradicts Y(τ1) = 0. Thus, Y(τ) ≥ 0 for all τ ≥ 0. On the other hand, if hen

Y(τ) > 0 for τ < τ1, and

Z(τ2) = e−Cτ2

[
Z(0) +

∫ τ2

0
Y(s)eCs ds

]
> 0.

contradicting Z(τ2) = 0. Hence, Z(τ) ≥ 0 for all τ ≥ 0. Therefore, all three components

remain nonnegative for all time.

Next, we prove boundedness of solutions to (4.2). Consider the Lyapunov function

V(X,Y,Z) = X + Y + AZ,

which is positive definite for positive solutions, radially unbounded, and whose level sets

V = h are planes in the first octant. Differentiating V with respect to time τ along the

trajectories of system (4.2) we obtain

dV
dτ
=

dX
dτ
+

dY
dτ
+ A

dZ
dτ
= X(1 − X − Y − D) − ACZ.

Thus, the condition dV
dτ = 0 define the surface,

S V : X(1 − X − Y − D) − ACZ = 0,
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in the first octant, with dV
dτ < 0 outside S V . Moreover, the plane,

Π : X + Y + AZ = 1 − D, (D < 1),

encloses S V , implying that dV
dτ < 0 outside the plane Π. Hence, the region

Ω =
{
(X,Y,Z) | X ≥ 0, Y ≥ 0, Z ≥ 0, X + Y + AZ ≤ 1 − D

}
.

is positively invariant and absorbing. Therefore, every trajectory of (4.2) starting in the first

octant eventually enters and remains in Ω.

This finishes the proof for Theorem 4.3.1.

4.4 Equilibrium Solutions and Their Stability

The equilibrium states of system (4.2) are obtained by setting dX
dτ =

dY
dτ =

dZ
dτ = 0. Solving

these algebraic equations yields three biologically relevant equilibria:

Trivial equilibrium: E0 = (0, 0, 0),

Boundary equilibrium: E1 = (1 − D, 0, 0),

Positive equilibrium: E2 =

(AC
B
, CZ2,

B(1 − D) − AC
B(B +C)

)
.

(4.4)

At the equilibrium E0, uninfected cells, infected cells, and free virus particles are all ab-

sent. The equilibrium E1 corresponds to a virus-free state in which only uninfected cells

persist. The uninfected cell density at equilibrium is 1 − D, where D accounts for natural

loss or immune clearance. No infection is present, and the virus population is zero. The

coexistence equilibrium E2 describes the situation in which uninfected cells, infected cells,

and free virus particles all persist at constant positive levels. This state is feasible only

when B(1 − D) > AC, ensuring that viral infection and production are sufficient to balance
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losses from cell death and viral clearance. Two important thresholds emerge from these

expressions. The basic reproduction number is given by

R0 =
B(1 − D)

AC
. (4.5)

which measures the average number of newly infected cells produced by one infected cell

in an uninfected population. It accounts for both the virus infection rate and the fraction of

susceptible cells, relative to losses from cell death and viral clearance. The condition R0 > 1

ensures that the virus can invade and establish itself, making the coexistence equilibrium

biologically feasible. when R0 < 1, the virus dies out and the system remains virus-free.

A transcritical bifurcation occurs between E1 and E2 at

Dt = 1 −
AC
B
. (4.6)

where the stability of the virus-free equilibrium changes, and the coexistence equilibrium

emerges. In particular, a Hopf bifurcation may arise at the coexistence equilibrium when

the parameter D reaches the critical value

DH = 1 −
AC
B
− (B +C)Z2, (4.7)

leading to sustained oscillations in all three populations.

Theorem 4.4.1 For system (4.2), the boundary equilibria E0 and E1 exist for all parameter

values, whereas the interior equilibrium E2 exists only when D < Dt. The equilibrium E0

is always a saddle point. The equilibrium E1 is locally asymptotically stable (LAS) when

D > Dt but becomes unstable for D < Dt. Conversely, the interior equilibrium E2 is

LAS when D < DH and loses stability when D > DH, where DH is the Hopf bifurcation

threshold. A transcritical bifurcation occurs at D = Dt, marking an exchange of stability

between E1 and E2, and a Hopf bifurcation emerges from E2 at D = DH.
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Proof The two boundary equilibria E0 and E1 exist for all parameter values, while E2 exists

only when B(1−D) > AC, i.e., D < Dt. The stability of the three equilibrium solutions can

be easily determined by the Jacobian matrix of (4.2), evaluated at the steady states. The

Jacobian matrix of (4.2) is given by

J(X,Y,Z) =


1 − 2X − Y − D − BZ −X −XB

BZ −A XB

0 1 −C


. (4.8)

Evaluating J at the boundary equilibria E0 and E1, we have

J(E0) =


1 − D 0 0

0 −A 0

0 1 −C


and J(E1) =


D − 1 D − 1 (D − 1)B

0 −A (1 − D)B

0 1 −C


.

It is easy to see from J(E0) that the population-free equilibrium E0 is a saddle-node with a

stable manifold lying on the non-negative Y-Z plane. In this case, E0 is locally stable for

D > 1, unstable for D < 1 and bifurcation between E0 and E1 for D = 1. If the condition

B(1 − D) < AC holds, all eigenvalues have negative real parts and E1 is locally stable. Bi-

ologically, this implies that the infection fails to establish itself within the host population,

and the virus is ultimately cleared. Conversely, if B(1 − D) > AC, the equilibrium E1 be-

comes unstable. In this case, the virus successfully invades and persists in the population,

potentially resulting in a stable endemic state. A transcritical bifurcation occurs between

E1 and E2 at the critical point Dt = 1 − AC
B , but E2 only exists for D ≥ Dt. When the

condition D > Dt is met, the infection persists within the host, leading to a chronic state.

This endemic equilibrium may be locally stable, meaning small perturbations in the system

will not eliminate the infection but instead return to this chronic state.
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Next, consider the stability of E2. Evaluating the Jacobian matrix of system (4.2) at the

interior equilibrium E2, we obtain

J(E2) =



−
AC
B
−

AC
B
−AC

BZ2 −A AC

0 1 −C


. (4.9)

A direct computation yields the characteristic polynomial for E2:

PE2(λ) = λ
3 + a1λ

2 + a2λ + a3, (4.10)

where
a1 =

AB + AC + BC
B

,

a2 =
AC(BZ2 + A +C)

B
,

a3 = AC(B +C)Z2.

(4.11)

It is easy to see that a3 > 0 due to the existence condition B > AC and Z2 <
B−AC

B(B+C) for E2.

At the critical point D = 1, a1 > 0, a2 > 0 and a3 = 0, at which E1 = E2, implying that a

transcritical bifurcation occurs between E1 and E2.

According to the Routh–Hurwitz criteria, the equilibrium point E2 is locally asymptot-

ically stable (LAS) provided that a1 > 0, a3 > 0 and ∆2 = a1a2 − a3 > 0. Consequently, ∆2

is the first quantity to cross zero as the parameter varies, while a1 and a2 remain positive.

This suggests that the only possible bifurcation emerging from E2 is a Hopf bifurcation. A

Bogdanov–Takens (B–T) bifurcation is ruled out, as it requires both a2 = 0 and a3 = 0,

which is not the case here. To further examine the possibility of a Hopf bifurcation at E2,

we now derive the explicit expression for ∆2.

∆2 =
AC∆2a

B2 ,



Chapter 4 – Bifurcation Analysis and Complex Dynamics of a Virotherapy Model 124

where

∆2a = B(AB + AC − B2)Z2 + (A +C)(AB + AC + BC).

A positive Z2 solving ∆2a = 0 requires that AB+AC−B2 < 0 implying that A < B2

(B+C) . This

yields the Hopf condition

Z2 =
(A +C)(AB + AC + BC)

B[B2 − A(B +C)]
> 0,

Substituting this into the equilibrium relations gives the explicit Hopf threshold

DH = −
B(B +C)A2 + [C3 + B(B +C)(3C + 1)]A − B(B2 − BC2 −C3)

B[B2 − A(B +C)]

The positivity condition DH > 0 implies

B(B +C)A2 + [C3 + B(B +C)(3C + 1)]A − B(B2 −C2B −C3) < 0

which leads to the parameter restrictions:

B >
C(C +

√
(C2 + 4C))
2

and A < min
{

B
C
,

B2

(B +C)
, Ac

}
,

where

Ac =
Ac1 −C3 − B(B +C)(3C + 1)

2B(B +C)
,

in which

Ac1 =
√

(C3 + B(B +C)(3C + 1))2 + 4B2(B +C)(B2 −C2B −C3)

Here Ac is the critical parameter marking the onset of oscillatory dynamics. When D = DH,

E2 loses stability via a Hopf bifurcation, giving rise to sustained oscillations.

This completes the proof.
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•

• •

1

D

X

E2 E1

E0

DH Dt0 1

Figure 4.2: Bifurcation diagram for system (4.2) illustrating the equilibrium points E0, E1

and E2. Stable equilibria are indicated by solid lines, while unstable equilibria are shown
using dotted lines.

A bifurcation diagram of system (4.2), projected onto the D-X plane, is presented in

Figure 4.2. This diagram illustrates the three equilibrium E0, E1 and E2 along with their

corresponding stability properties. The diagram also highlights the critical points where

bifurcations occurs: the transcritical bifurcation at D = Dt and the Hopf bifurcation at

D = DH. The bifurcation point acts as a critical threshold for infection persistence.

4.5 Codimension of Hopf bifurcation

Having established the conditions necessary for the Hopf bifurcation at the endemic equi-

librium E2, we now turn to an investigation of its codimension. The qualitative dynamics

and bifurcations of system (4.2) can be summarized as follows. The disease-free equilib-

rium E0 is always a saddle. The boundary equilibrium E1is locally asymptotically stable

when R0 < 1 but becomes unstable when R0 > 1. The endemic equilibrium E2 exists only

for R0 > 1. A transcritical bifurcation occurs at R0 = 1, where stability is exchanged be-
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tween E1 and E2. We focus here on the regime R0 > 1, under which a Hopf bifurcation can

arise at E2, and in particular, we determine the codimension of this bifurcation.

When R0 = 1, or equivalently D = 1 − AC
B , the system reaches a critical threshold.

At this point, the equilibria E1 and E2 coincide at D = Dt, leading to rich and potentially

complex dynamics unfolding on the center manifold. Meanwhile, the equilibrium point E0

remains a saddle node.

To retain the explicit presence of B in the analysis of this critical case, we treat D as the

bifurcation parameter and write B = AC
(1−D) equivalently as D = 1− AC

B . At D = Dt = 1− AC
B ,

the basic reproduction number satisfies R0 = 1, and the equilibrium states align accordingly.

E0 = (0, 0, 0), E1 = E2 =
(AC

B
, 0, 0

)
. (4.12)

In this degenerate situation, the transcritical bifurcation point lies precisely on the boundary

between the virus-free and endemic states, and determining the stability properties requires

a center manifold reduction at the critical point.

4.5.1 Center manifold reduction

We first use the center manifold theory to find the differential equation describing dynamics

on the center manifold, and then discuss the stability of E1. The translation component of

the transformation moves the equilibrium E1 to the origin, while the linear part (diagonal

and off-diagonal terms) is constructed from the corresponding eigenvectors of the Jacobian

matrix evaluated at E1. To achieve this, we first introduce an affine transformation, given

by


X

Y

Z


=



AC
B

0

0


+



−(B +C) 1
AC(B − A)

(A +C)B − AC

C 0 −A

1 0 1




u

v

w


, (4.13)
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into (4.2) with Dt = 1 − AC
B to obtain the system,

du
dτ
= −

(B +C)B
A +C

u2 −
BAC(A − B)

(AB − AC + BC)(A +C)
w2 +

B
A +C

uv

−
B[C(A −C)(A − B) + (A +C)B2]

(AB − AC + BC)(A +C)
uw +

B
A +C

vw,

dv
dτ
= −

AC
B

v +
(B +C)(AC − B2 − BC)B

(AB − AC + BC)
u2 − v2

−
ABC(A−B)(A2−AB+B2)

(AB − AC + BC)2 w2 +
A(B2−BC−C2)+B(B+C)2

(AB − AC + BC)
uv

−

{
B[A3(B2 − 2C2) − A2B(B2 − 2BC − 4C2)]

(AB − AC + BC)2

+
B[AB2(B2 − 2BC − 3C2) + B3C(B +C)]

(AB − AC + BC)2

}
uw

+
[A2(B +C) + B(B2 − AB − AC)]

AB − AC + BC
vw,

dw
dτ
= − (A +C) w +

(B +C)B
A +C

u2 +
BAC(A − B)

(AB − AC + BC)(A +C)
w2

−
B

A +C
uv +

B[A2C + AB2 −C(A − B)(B +C)]
(AB − AC + BC)(A +C)

uw − B
A+C vw.

(4.14)

The linear part of system (4.12) is already in Jordan canonical form, with eigenvalues 0,

−AC
B , −(A+C). Proceeding with the application of center manifold theory and introducing

v = a u2, w = b u2,

and equating the corresponding coefficients in the equations:

dv
dτ
= 2 a u u̇, and

dw
dτ
= 2 b u u̇

combined with (4.12) gives

a =
B2(B +C)(AC − B2 − BC)

AC(AB − AC + BC)
, b =

B(B +C)
(A +C)2 .
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Thus, the center manifold, up to second order is given by

Wc = {(u, v,w)|v = B2(B+C)(AC−B2−BC)
AC(AB−AC+BC) u2 + O(u3), w = B(B+C)

(A+C)2 u2 + O(u3)},

and the differential equation governing the dynamics on the center manifold is

du
dτ
= −

B(B +C)
(A +C)

u2 + O(u3), (4.15)

This clearly shows that the equilibrium E2 is a saddle, as the coefficient of u2 is negative.

With D = 1− AC
B , the system continues to have four parameters, A, B, C and D. Below, we

briefly describe the dynamics and bifurcation structure of system (4.2). From (4.13), it is

evident that u = 0 is a saddle point on the center manifold.

4.5.2 Bifurcation of limit cycles and their stability

To analyze the local dynamics near a non-hyperbolic equilibrium point in a nonlinear n-

dimensional system, we employ center manifold theory and normal form reduction. These

tools simplify the system while preserving the essential dynamics that determine bifurca-

tions, particularly Hopf bifurcations and the emergence of limit cycles.

Consider a general autonomous system of ordinary differential equations:

u̇ = F(u, µ), u ∈ Rn, µ ∈ R, (4.16)

where F is a smooth vector field, and µ is a bifurcation parameter. Let u0 be an equilibrium

of the system at µ = µ0. Suppose the Jacobian matrix J = DuF(u0, µ0) has a pair of

purely imaginary eigenvalues ±iω0 and the remaining eigenvalues have negative real parts.

Then u0 is a non-hyperbolic equilibrium, and the dynamics near it are governed by the

two-dimensional center manifold associated with the imaginary eigenvalues.

dz
dt
= iω0z +

∞∑
k=2

ak(µ)z|z|2k−2, z ∈ C,
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or equivalently, in polar coordinates z = reiθ:

dr
dt
=

∞∑
k=1

vk(µ)r2k+1,
dθ
dt
= ω0 +

∞∑
k=1

ωk(µ)r2k.

The coefficients vk(µ) are known as focus values, and they determine the nature and stability

of limit cycles near the Hopf bifurcation point. The first nonzero focus value vk , 0 pro-

vides the critical information about the type and multiplicity of limit cycles that bifurcate

from the equilibrium. The normal form approach computes these focus values by perform-

ing a near-identity transformation that simplifies the nonlinear terms while preserving the

qualitative behavior. This is essential for classifying the bifurcation type, determining the

existence and stability of periodic solutions, and predicting complex dynamical behavior

such as oscillations and multistability. Additional insights into the bifurcation behavior of

limit cycles, including scenarios involving the emergence of multiple cycles and changes

in stability, are extensively discussed in references [20, 21].

To compute the first-order focus value via normal form theory, we first perform an affine

transformation of the system, which allows the system to be expressed in a form suitable

for the analysis:


X

Y

Z


=



AC
B

BC(1 − D) − AC2

B(B +C)

B(1 − D) − AC
B(B +C)



+



−AC(B +C)
(A+B)C+AB

B2ωc−(B+C)A
A(B+C)+BC

AC(B2−AB−AC)
B2(A +C)

C ωc −
(B +C)A

B

1 0 1




u

v

w


,
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where

ωc =

√
AC(B +C)(A +C)

B2 − A(B +C)
,

(
B2 − AB − AC > 0

)
,

is substituted into (4.2) to yield a system whose linear part is expressed in Jordan canonical

form:

du
dτ
= ωc v +

AC(A +C)B3(B +C)(B2 + BC +C2)
M2M3

u2

−
ACB3(A +C)2(B +C)2

M2M3
v2 −

ACM2
1 M4

B2(A +C)M3
w2

+
(A +C)B3M11ωc

M2M3
uv +

ACM1M5

M2M3
uw +

M1M6ωc

M2M3
vw,

dv
dτ
= −ωc u −

ABC(B +C)M7

M2M3ωc
u2 +

B2(A +C)(B +C)ωcM1

M3
v2

−
ACM1M8

B3(A +C)M3ωc
w2 −

BM9

M2M3
uv +

A2C2M10

B(A +C)M2M3ωc
uw

−
M1[M8 − ABC(B +C)M2

2]
BM2M3

vw,

dw
dτ
= −

(A +C)B + AC
B

w −
AB3C(A +C)(B +C)(B2 + BC +C2)

M2M3
u2

+
AB3C(A +C)2(B +C)2

M2M3
v2 +

ACM2
1 M4

B2(A +C)M3
w2

−
B3(A +C)ωcM11

M2M3
uv −

ACM1M5

M2M3
uw −

M1M6ωc

M2M3
vw,

(4.17)
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where

M1 = B2 − A(B +C),

M2 = BC + A(B +C),

M3 = A3(B +C)3 − A2B(B +C)(B2 − 2C2) − 2AB3C(B +C) − B4C2,

M4 = A2(B +C)2 + AB(B2 + 2BC + 2C2) + B2C(B +C),

M5 = A2(B +C)3 + ABC(B +C)2 + B3C2,

M6 = A3(B +C)3 + A2BC2(B +C) − AB3(B2 + BC +C2) − B4C(B +C),

M7 = A3(B +C)3 + A2BC(B + 3C)(B +C) + ABC2(B2 + 3BC +C2)

+ B2C3(B +C),

M8 = A4(B +C)4 − A3B(B2 − BC − 3C2)(B +C)2

− A2B2C(B +C)(B2 + BC − 3C2) − AB3C2(B2 + BC −C2) − B5C3,

M9 = A4(B +C)4 − A3B(B2 − BC − 4C2)(B +C)2

− A2BC(B +C)(B3 − 6BC2 − 2C3)

− AB2C2(B + 2C)(B2 − BC −C2) − B4C3(B +C),

M10 = A3(B2 + BC +C2)(B +C)3 + A2BC(B2 + BC + 2C2)(B +C)2

+ AB2C2(B3 +C3) + B5C3,

M11 = A(B +C)(B2 + 2BC + 2C2) − B2(B2 + BC +C2).

The system is first expanded about the equilibrium point (u, v,w), after which we use a

Maple implementation of normal form theory in [22] for Hopf bifurcation to derive the

normal form up to terms of third order, as shown below:

dr
dτ
= r

(
v0µ + v1r2 + O(r4)

)
, (4.18)
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Here, µ = D − DH, serves as the perturbation parameter, and v0, v1, denote the zeroth and

first-order focus values, respectively. The transversality condition is derived through linear

stability analysis, as follows:

v0 = −
BCA[B2 − A(B +C)]2

2(B +C)ωc v0d
,

v0d =
[
B2 − A(B +C)

][
(B2 + AC)(A +C)2 + 3ABC(A +C) + A2C2]

+A2C(A +C)(AB + AC + 2BC +C2),

(4.19)

which implies v0d > 0 due to B2−A(B+C) > 0, and hence the transversal condition v0d < 0.

The equation (4.18) serves as a foundation for bifurcation analysis. The sign of the

first-order focus value, v1, determines the nature of the Hopf bifurcation: a positive value

indicates a subcritical bifurcation, while a negative value indicates a supercritical one. Fur-

thermore, the signs of higher-order focus values play a crucial role in assessing the stability

and existence of multiple limit cycles emerging from the bifurcation. The general neces-

sary and sufficient conditions for the occurrence of multiple limit cycles are shown in [23].

Applying this framework to our specific system given in (4.17) and utilizing the Maple

program described in [22], we compute the first-order focus value v1 as follows:

v1 = −
CAB2[B2 − A(B +C)] v1a

8(A +C)[A(B +C) + BC]2 v1b
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where

v1a=
[
B2 − A(B +C)

]2{(4A2 − AC + 4C2)(A +C)2B4

+(A +C)(2A4 + 16A3C + 31A2C2 + 15AC3 + 6C4)B3

+(2A6 + 17A5C + 68A4C2 + 129A3C3 + 105A2C4 + 33AC5 + 3C6)B2

+(2A7+21A6C+97A5C2+217A4C3+243A3C4+125A2C5+23AC6+C7)B

+A(2A7+25A6C+135A5C2+361A4C3+488A3C4+330A2C5+98AC6

+8C7)
}
+

[
B2 − A(B +C)

]
A(A +C)2[B(2A6 + 25A5C + 127A4C2

+276A3C3 + 220A2C4 + 45AC5 + 2C6) + AC(4A5 + 42A4C + 165A3C2

+259A2C3 + 128AC4 + 13C5)
]
+CA2(A +C)2[B(2A6 + 23A5C

+93A4C2 + 158A3C3 + 105A2C4 + 21AC5 +C6) + AC(2A5 + 21A4C

+74A3C2 + 101A2C3 + 46AC4 + 5C5)
]
,

v1b =
{[

B2 − A(B +C)
][

(A +C)2B2 + 3AC(A +C)B + AC(A2 + 3AC +C2)
]

+A2C(A +C)
[
(A +C)(B +C) + BC

]}
×
{[

B2 − A(B +C)
][

(A +C)2B2 + 6AC(A +C)B + AC(4A2 + 9AC + 4C2)
]

+4A2C(A +C)
(
A +C)(B +C) + BC

]}
.

This clearly shows that v1a > 0 and v1b > 0 since B2 − A(B + C) > 0 (i.e., ωc > 0). Hence,

v1 < 0, implying that the bifurcating limit cycle is stable.

The existence of a Hopf bifurcation in system (4.2) indicates the potential for cyclical

tumor-virus dynamics, i.e., tumor growth and shrinkage occurring periodically over time.
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4.6 Simulation

We now perform numerical simulations of model (4.2) in MATLAB to verify that the an-

alytical predictions are consistent with the time domain dynamics. We also explore how

variations in the parameters A, B, C and D influence system behavior. These parameters re-

spectively represent the death rate of tumor cells, the strength of immune activity on tumor

growth, the decay rate of the immune response, and the extent to which stress or damage

reduces healthy cell growth. After non dimensionalization, we consider the parameter set

A =
3
5
, B = 6, C =

1
5
, D =

1
5
.

When tumor cell growth is absent, the numerical simulation (Figure 4.3) shows that both the

infected cells and the virus initially fluctuate over time but eventually decline to zero. The

uninfected tumor cells, in turn, gradually decrease over time, eventually stabilizing at either

zero or a constant positive level. With initial conditions X(0) = 0.4, Y(0) = 0, Z(0) = 0.1,

the uninfected cells decrease to zero, and the solution trajectories approach the disease-

free equilibrium E0 = (0, 0, 0), as depicted in Figure 4.3(a). However, when using the same

initial conditions, but a different value of D, the uninfected tumor cells stabilize at a positive

equilibrium level, and the solution curves converge to the equilibrium E1 = (0.1, 0, 0), as

shown in Figure 4.3(b).

Numerical experiments show the following behavior depending on the value of D.

• For D = 1.1 > 1, the system converges to the trivial equilibrium E0.

• For D = 0.9 ∈ (Dt, 1), where Dt =
8
9 , the system convergent to E1.

We also simulate using a new set of parameters:

A =
19
20
, B = 9, C = 1, D =

1569191919
5000000000

.



Chapter 4 – Bifurcation Analysis and Complex Dynamics of a Virotherapy Model 135

(a) (b)

Figure 4.3: Simulations of model (4.2) for A = 1, B = 9
10 , C = 1

10 , Dt =
8
9 , with the initial

condition: X(0) = 0.4, Y(0) = 0, Z(0) = 0.1 (a) D = 11
10 and (b) D = 9

10 ∈ (Dt, 1).

Figure 4.4: Simulations of model (4.2) showing stable limit cycles: (a) A = 19
20 , B = 9, C =

1,D = 3107
9900 < DH =

661
1980 , regular oscillation and (b) A = 3

5 , B = 6, C = 1
5 ,D =

1
5 < DH =

34459
40350 , slow faster motion.

Figure 4.4 (b) signifies the emergence of a stable limit cycle due to a supercritical Hopf

bifurcation, representing bounded, biologically meaningful oscillations in the tumor–virus

dynamics. This results in the Hopf bifurcation threshold DH =
661

1980 , where v0 > 0. Using

these parameters in the system, we compute the value:

v1 = −
11260705348431
5861501682208

< 0.

From these results, we conclude that the stable limit cycles correspond to supercritical Hopf
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bifurcations, where the system exhibits controlled, bounded oscillations a scenario that may

be therapeutically acceptable. To estimate the amplitude of the limit cycle, we observe that

the difference µ = DH − D = 1
50 , indicating that D is decreasing and approaching the Hopf

bifurcation value DH. This leads us to the following normal form equation governing the

amplitudes of the bifurcating limit cycles:

dr
dτ
= r

[
v0 µ + v1r2 + O(r4)

]
.

Using this equation, we can approximate the solution representing the amplitude of the

single limit cycle. Figure 4.4 illustrates the simulated limit cycles. The inner trajectory

(blue) starts close to the equilibrium and seems to settle toward it, indicating the stability of

E2 The outer trajectory (red) spirals inward toward the limit cycle, confirming the presence

of a stable outer attractor. As D crosses the critical threshold, one fixed point becomes

unstable, and a limit cycle emerges. Inside the limit cycle, the system exhibits stability,

while outside the cycle, the trajectories spiral toward it, confirming the dynamical transition

at the Hopf bifurcation.

4.7 Conclusion

In this study, we proposed and analyzed a mathematical model to investigate the dynamics

of oncolytic virus therapy, a promising approach in cancer treatment. The model captures

key biological interactions between tumor cells, oncolytic viruses, and the immune system.

By connecting these theoretical insights, our findings bridge the gap between mathematical

modeling and potential clinical applications. By performing a detailed qualitative analysis,

we established the boundedness of solutions and identified the equilibrium states of the

system along with their stability properties. Using bifurcation theory, particularly center

manifold and normal form analysis, we uncovered the conditions under which the system

undergoes qualitative transitions, such as the onset of oscillatory behavior or the emer-
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gence of stable limit cycles. These results highlight how variations in critical parameters

could guide treatment design and predict therapeutic outcomes. These findings offer im-

portant insights into the potential for recurrent tumor growth or remission under different

therapeutic scenarios. The study developed a mathematical model to analyze oncolytic

virotherapy, capturing interactions among tumor cells, viruses, and the immune system.

Using bifurcation and normal form analysis, it identified equilibrium states, stability con-

ditions, and transitions leading to oscillatory behavior or stable limit cycles. These findings

provide valuable insights into how variations in treatment parameters can influence tumor

remission or recurrence, supporting optimized therapy design. Although the model sim-

plifies biological processes and lacks clinical calibration, it offers a foundation for future

improvements—such as incorporating memory effects, exploring combination therapies,

and developing optimal control strategies for dosing and scheduling. Numerical simula-

tions were conducted to validate and illustrate these analytical results, demonstrating the

model’s ability to reproduce complex dynamical patterns relevant to cancer progression

and control.

While the model offers valuable insights into the dynamics of oncolytic virotherapy,

it has several limitations. Biological processes were not explicitly included. The immune

response is simplified, neglecting adaptive immunity and memory effects. The model also

overlooks the potential for viral resistance and tumor evolution. Being deterministic, it

ignores stochastic fluctuations that can be significant in small populations. Additionally,

treatment parameters are assumed constant, whereas real therapies often involve time-

dependent or adaptive dosing. Lastly, the model does not have tuning with experimental

or clinical data, which is essential for making patient-specific predictions. Acknowledging

these limitations provides direction for refining the model and aligning it more closely with

biological reality.

Virotherapy has many directions to be addressed for future investigation. First, the

model has been extended using fractional order derivatives to account for memory effects
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and hereditary properties in biological systems, allowing for a more accurate and real-

istic description of tumor-virus interactions over time. Additionally, we plan to explore

combination therapies, such as virotherapy coupled with chemotherapy or immunotherapy,

to study potential harmonious effects and identify optimal treatment strategies. Finally,

we aim to develop optimal control strategies to determine the best therapeutic dosing and

scheduling procedures, subject to clinical constraints such as toxicity and patient variabil-

ity. Together, these future directions emphasize the integrative potential of mathematical

modeling to guide experimental and clinical advances in oncolytic virotherapy.
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Chapter 5

5 Conclusion and Future Work

This thesis used mathematical models to study how tumors interact with immune cells,

cytokines, and treatment methods such as immunotherapy and virotherapy. The results

highlight the complex but important role of the immune system and treatment strategies in

controlling tumor growth.

In the first study, we examined the role of CD4+ T cells and their cytokine-mediated

influence on tumor growth. While CD4+ T cells do not directly destroy tumor cells, they

can delay growth and push the tumor into a state of latency through cytokine release. Our

analysis, using stability and bifurcation theory, showed that tumors always persist in the

absence of treatment, regardless of their initial size. However, if the cytokine production

rate or the tumor destruction rate is high, the tumor can be controlled to some extent,

although not eliminated completely. These results suggest that while CD4+ T cells play an

important supportive role, additional intervention is required for complete tumor clearance.

In the second study, we extended the model to explore three immunotherapy strategies:

cytokine therapy, CD4+ T cell therapy, and their combination. The findings revealed that

treatment success depends strongly on both the dose and the initial tumor size. Cytokine

therapy can eliminate small tumors at high doses, partially reduce tumors at intermediate

doses, or allow coexistence of tumor and immune cells at low doses. CD4+ T cell ther-

apy proved effective at keeping small tumors under control when started early, but it was

unlikely to eliminate tumors completely, especially if the initial tumor size was large. Im-

portantly, the combination of cytokine therapy and T cell infusion gave the best results, as

it expanded the range of conditions under which tumors could be controlled and reduced

oscillatory behavior. These findings underline that combined immunotherapy, with careful

attention to dosing and timing, may offer better long-term control compared to cytokine

therapy or CD4+ T cell therapy alone.
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The third study focused on oncolytic virotherapy, where viruses selectively infect and

destroy tumor cells. The model incorporated tumor–virus–immune system interactions and

revealed a variety of possible outcomes. Under some conditions, virotherapy could lead to

complete tumor remission, while in other cases tumors recurred or oscillated in size due

to immune–virus–tumor interactions. Bifurcation analysis showed how changes in viral

replication and immune clearance rates could shift the system from stable tumor control to

tumor returning or sustaining oscillations. Numerical simulations supported these findings,

demonstrating the potential of virotherapy but also highlighting the need for precise dosing

and consideration of the immune response.

Taken together, the findings from these studies show that the outcome of cancer treat-

ment depends not only on the treatment type but also on biological parameters such as im-

mune activity, tumor size, and treatment thresholds. While CD4+ T cells alone cannot clear

tumors, their cytokine-mediated effects are valuable in delaying growth. Immunotherapy

strategies, particularly combination approaches, can significantly improve tumor control,

and virotherapy provides an additional promising tool with complex but clinically relevant

outcomes. Overall, this thesis establishes that mathematical modeling is not only capa-

ble of describing tumor–immune–therapy dynamics but can also serve as a foundation for

future research aimed at improving cancer treatment outcomes.

5.1 Future Work

Although this thesis provides useful results, there are many ways the work can be extended

in the future. The first model was simple and treated CD4+ T cells as one type with limited

interactions. A natural next step would be to include more realistic immune mechanisms,

such as direct killing of tumor cells, memory effects, and the role of other immune cell

types. Adding patient variability and spatial features of tumors would also make the model

closer to real biology.
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For the immunotherapy study, G1 and G2 are considered constant to represent contin-

uous infusion. However, both can be extended as time dependent because therapy is often

given in varying doses, cycles, or adaptive schedules. A future direction would be to include

time-dependent treatment functions and test how different dosing patterns affect outcomes.

It would also be valuable to compare the results directly with clinical or experimental data

to check how well the model predictions match real treatment responses.

In the virotherapy study, we showed that viruses can produce complex tumor behaviors

such as disappearance, recurrence, or oscillations. However, the model did not include

viral resistance, tumor evolution, or random changes in small populations. These could be

added to make predictions more reliable. Another direction is to explore fractional-order

models, which can capture memory and long-term effects in biological systems.

Across all three studies, combination therapies remain an exciting area. Future research

can look at how virotherapy works together with chemotherapy, radiation, or immunother-

apy, and under what conditions these combinations are most effective. Finally, using math-

ematical methods to design the best treatment strategies that adjust dose and timing for

each patient. This could lead to more personalized and effective cancer therapies, balanc-

ing treatment success with minimal side effects.
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